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BCTYII

[Tone — 1e yAOCKOHaJIGHE YMOBHE TOHSTTS, IO SBJSE COOOI0 CYKYITHICTH
TOYOK TIPOCTOPY CITIBCTABJIICHA 3 SIKOIO-HEOYyab BeaWuuHO0. [Ipo 11e CcBiTUMTH
MaTeMaThyHa (i3uKa MoJIs, i BOHO € CyTO YMOBHOIO BEJTMYUHOIO.

3 iHmoro OOKy II0J€ — CIIBBIJMOBIIHICT, KOXHINM TOYIl CcepeoBHUIIA
BU3HAYCHHUX (DI3WYHUX BiacTUBOCTel. Di3WyHE MOJIe B TAKOMY BUIIAJIKY — €JIUHE.

dizuyHe moje — e Moje ICHyBaHHsS Martepli, il BU3HAYEHOTro BHIYy. Tumu

(b13MYHMX TOJTIB — IpaBiTaIliiHe, MarHiTHE, €IEKTPOMArHiTHE.

B 1783 pomi 3akon lapns — KynoHa 1aB mo4aTok BYEHHIO MPO MAarHETU3M.
Teopis enekTpoMarHeTU3My MpouIiia CBid NUISIX, HA BIIMIHY BiJ MEeXaHikH, 3a 70-
80 pokiB, a HE 32 TUCSYOIITTS.

HaiiGinpl BUAATHY poJib B PO3BUTOK TEOPii €JIEKTPOMArHITHOIO IO
Bijirpaynu 3akoHu bio-Capapa-Jlariaca ta 3akoH iHaykiii @apases.

[lepmmii 3 HUX CBIOQUHUTH, WO OYJb-SKUI EJIEKTPUYHUNA CTPYM CTBOPIOE

MarHiTHE T0Ji€, IHTEHCUBHICTh SIKOTO B JIaHIN TOYIll MPOCTOPY XapaKTepU3yEThCS

. .o . e -
BEKTOPOM MarHITHOI 1HAyKWOli B. BenuunHa Ta HanpsMOK 1IbOr0 BEKTOPY

BHU3HA4YalOTHCA CaM€ 3a UM 3aKOHOM

Hlo

- Al sin a,

AB =

= . . . . o .
ne AB — marHiTHa 1HAYKIIIS B ToUIll A, 110 CTBOPIOETHCS CTPYMOM |, kUit mpoTikae

1 _ marniTHa cTana, a

yepes eJEeMEHT APOTy AOBKUHOK Al; g = 4w - 107 'TH - M~
came, MarHiTHa TPOHUKHICTh BaKyyMmy; i — MarHiTHa MPOHMKHICTB; 7' — pajiyc
BEKTOD, 110 3 €HYy€E eneMeHT Al 3 TOUkow A, B sIKiil O0UMCITIOETHCS IHIYKIIIS; & —
KYT MiJK HAPSAMKOM CTPYMY B €JIEMEHTI i pajiiyc-BEKTOPOM 7.

3akon ®apajgess moJsArae B TOMy, 0 NpU OyAb-sAKiM 3MiHI Mar"iTHOrO

NOTOKY, SIKUW MPOHMU3Y€E KOHTYP, B OCTAHHbOMY BUHUKA€ €.p.C. IHIYKIII €, AKUN

BHUPAXKAECTbCA TAKHUM YHHOM



3HayeHHS €.p.C., 1[0 BUHUKAE Ha KIHIAX MPOBIIHUKA JOBXHHOIO [, 1110

-
PYXaA€TBCA B CIICKTPUYIHOMY I10J11 3 IHAYKIIIE€TO B ta IMBUIKICTIO 1_7), JOPIBHIOE

— N

e=B-l-v-sina,

-

Ie @ — KyT MK HanpsaMKamu BekTopiB B i v. Ilg BeamumHa a0csArae CBOTO
eKCTpEMYMY, KOJIM U TIEPIEHAUKYISPHUM 10 B.

BepmmHoio Teopii €NeKTpPOMAarHiTHOTO TOJIA B MOAANBIIOMY CTalld
€JICKTPOMArHiTHI piBHSHHSI MakcBesuia Ta Horo mparis o Teopii MmoJis.

MaxkcBesut y3arajJbHUB BC1 €KCIIEPUMEHTAIbHI (PAKTH MPO EIEKTPOMAarHeTU3M
Ta MPEJICTaBUB BC1 1OT0 3aKOHOMIPHOCTI B ABOX (heMeHOIoryHuX piBHIHHAX (1111
piBHAHHA MakcBesuia). Cami pIBHSHHS MpPEICTaBISIOTH COOOI0 MOCTYJaTH, iX
MO>KHA BUBECTH JIMILIE 1HIAYKIIHHUM METOIOM.

[Tonaneiry po3pooky Teopii MakcBesia npoBoauB ['enpix ['epu. Bin 3poous
PSJ HOBUX BIIKPUTTIB, B TOMY YHCIIi, BIIKPUB €JIEKTPOMArHiTHI XBHIIL.

3ommMmepdenbn B mepmomy AecATHIITTI XX cTopidds po3poOHB TEOPItO
eJIEKTpOMarHiTHUX XBWib. Ha moyatky 30-X pOKIB MUHYJIOTO CTOJITTS TEOPis
MakcBeia gocsrae cBO€i BEepIIMHU Ta HA ii PyHIaMEHTI PO3BUBAETHCA KBAHTOBA

CJIEKTPOAMHAMIKA.



1. BEKTOP-®@YHKIIA CKAJAPHOI'O APT'YMEHTY

Jlnsa onmcy (Bi3MYHUX 33729 9acTO 3aCTOCOBYIOTh BEKTOPH, TIOJIOKEHHS KX
3QJIEKHUTH Bil CKAISPHOI BENIMYMHH. B [[bOMY BUIIAIKy 3alMCYIOTh
a= f(t) adoa = a(t).

Hexaii Touka M (x, y, z) nepeMilly04rch, Onmucye Tpaektopito LL, (puc. 1.1).

~UN

F
|

Puc. 1.1 I'pacdiune npeacTaBiieHHs BEKTOP-QYHKIIT CKAJIIPHOTO apryMeHTy [2]

[TonoxeHHs: TOUKH M MOKHA OXapaKTepHu3yBaTh Pajliyc BEKTOPOM T
- - - '
r=xi+yj+ zk. (1.1)
Lleli BUMAAOK BIJIMOBIJAE MOYATKY KOOpAMHAT. SIKII0 € (iKCOoBaHa TOUYKa

A(a,b,c) i mouaTok 7 crmiBIazae came 3 i€k TOYKOO, TO
F=x—a)l+(y—-b)Jj+(z-o)k (1.2)

HarmpsiMHI KOCHHYCH pajilyC-BEKTOPY BU3HAYAIOTHCS

cosazcos(f;\c)zl%; cos[?:cos(f)\/)zly?l; yzﬁ abo

x—a y—>b zZ—
cosa =——; cosf = = ; COS]/=W

SK110 B moganbuioMy mojoKeHHst TOUku M Ha L L, BU3HAYA€THCS CKAJISPHOIO

a

BEJIMYMHOK (HANpUKIaa 4acoMm t), TO TOMI JJIsI KOKHOTO MOMEHTY t MOXKHa
BU3HAYHMTH TOJOKCHHS TOYKH, 1 MBUAKICTh PyXy, MPUCKOPEeHHS: 1 = 1(t); v =
v(t); a = a(t).

Bynb-ska Bekrop-QyHkuis d(t) Moxke OyTH NPEICTABICHOI TPhOMa

ckansapaumu Gyrkniamu: d(t) = a, ()T + a, (t)] + a, (Ok [2, 6].



Hexaii Bu3Hauenuii Bekrop d = d(t). IIpu 3MiHi t BEKTOp 3MIHIOE HAIIPSIMOK
1 MoAyJb. 3adikcyeMo TOUKY A Ta 3 Ii€1 TOUKH, SIK 3 TOYATKY KOOPAUHAT, BITHOBUMO
BekTopH d = d(t), AKmMO ¢ HENEPEPBHO 3MIHIOCTHCS HAa CETMEHTI [tg; t,].
TeomerpuyHe Micue KiHIiB BekTopiB d(t) yTBOPHTL y MpOCTOpi IiHiIO, fKa
Ha3WBAEThCS TomorpadoM 3amaHoi BekTop-(yHKIii, abo mpocTo Tromorpadom
BekTOpy d(t).

s BekTOp-QYHKINI CHOpaBeIIMBUI Pl TEOpEeM Ta BHU3HAUYCHB, IO
aHAJIOT1YHI CKaJSIPHOMY aHai3y.

BekTop d € HECKIHUEHHO MMM, SKILO HECKIHUEHHO MMl Horo abCcooTHa
BeauuuHa (Momyib) |d|. TeopeMu NpO BIACTUBOCTI HECKIHUEHHO MAMX IS
BeKTOp-(yHKIIIT Ta CKaJISIpHOT (PYHKINT CHiBIagal0Th. J{Jis NpuKIiIay reoMeTpuyHa
CyMa KIHIICBOTO YHCJIa HECKIHUEHHO MajMX BEKTOPIB € BEJIMYMHA HECKIHUEHHO
Mana.

Jlist BekTopy-(yHKIII BBOAUTHCS BU3HAUCHHS MEXi. KaxyTp, 110 BEKTOp-
Gynxuis d(t) Mae MEXEH IOCTIMHUN BEKTOP A MpU MPSMYBaHHI MapameTpy t 1o
to, AKIIO 17151 Oy Ib-s1KOTr0o Majioro € > 0 3HaigeTbess & > 0, 1 akux npu [t — to| <
& OyJie cripaBeIMBE BiJHOIICHHS |0‘i(t) —A | < e.

OCHOBHI TEOpEeMH MPO MEXKY CYMH, PI3HHII, TOOYTKY KIHIIEBOTO YHCIa

BEKTOPHUX BEJIMYMH, TaKi cami, SIK 1 B CKAIIPHOMY aHalli3l.
1.1. TloxinHa BeKTOpP-QYyHKUII 10 CKAJIAPHOMY APIYMEHTY

Hexaii 3anana HenepepsHa QyHkuis d = d(t) (puc. 1.2). Jlimis LL! 6yze i
rogorpadoM. 3adikcyemMo aesike TOBIIbHE 3HAYEHHS apryMeHTy t, sIKOMy Ha
rojgorpadi Oyzae BianopigaTtu Touka M. B miii Tounn ¢yHkiis Oyae JOpiBHIOBATH
a(t). damo aprymenty ¢yHkuii t Mamuii npupict At. Toxi B HOBil TouIi QyHKIis

oyne a(t + At), a rouka M nepeMictuthest B Touky M, . Toai mpupicT GyHKLii Oy e

. - - - VTV . . A
nopisaroBati Ad = a(t + At) — a(t) = MM,. CkianemMo CIiBBiIHOIIECHHS A—C:. Ie

OyJe BEKTOp, LIO CIIBIAJAE 3a HANPAMKOM 3 Ad, ajne pisHui 3a aOCOJIOTHOIO
9



BeanunHo0 - |[MA|. Touka A TUM nmaji BiACYHETbCS BiJl TOUYKHM M, 4uM MEHIIA

sBeanunna At (At < 1).

a(t+At)

<

Puc. 1.2 I'padiune npeacTaBiaeHHs MOX1THOT BEKTOP-(PYHKIIT MO CKAISIPHOMY
aprymenty [2]

Hexaii Benmuuuna At — 0. SIk 1 B BUNAAKY CKaJspHOTO aHaIi3y, MOXiTHOIO
BEKTOp-(QYHKIII MO CKISIPHOMY apryMEHTY Ha3uBalOTh MEXY BIJIHOLIEHHS

npupocTy (YHKIT 70 MPUPOCTY HE3aJISKHOI 3MIHHOI, KOJU OCTaHHS IPSIMYE JI0

Hyms. Tomi
da(t . Ad . d(t+ty)—d(t . MM
© — Jim 22 = i L0700 _ gy MM (1.3)
dt At—0 At At—0 At At—>0 At

[To opmi Bce aHANOTIYHO 31 CKAJISIPHUM aHaJII30M, ajie MOXiJHa — € BEKTOp.
Bunno, mo npu HabmkenHi At 1o HyJist Touka M, Ha rogorpadi HaOIMKaAETHCS 10

Touku M. Bigtunatoua M A npsiMmye 10 IOJIOKEHHS JOTUYHO1 HAa ToAorpad1 1 MEexero

. —= . dalt . .
Oyne pesxkuil Bektop MB. Otxe, moxiaHa A naHii touui M roporpada

300paKyETHCS BEKTOPOM MB, 10 € JOTHYHHM 10 rogorpady B 11 Touli. BekTop
MB CIIPSIMOBaHUH Y CTOPOHY TIEPEMIIICHHS TOYKHA M TIpH 3pOCTaHHi t.
Skmo d = d(t) Mae BU3HAuUEHY Ta KiHIEBY IOXigHy B JaHill Todlli t, TO
BEKTOP-(YHKIIISI HA3UBAETHCA TU(EPEHIIHOBAHOIO B JaH1N TOYII].
Hexait BekTop-QyHKIlIS 3a/1aHa B AHAIITUYHOMY BH/II:
A(t) = a ()T + a, ()] + a,(t)k, Toxi
AG(t) = Aay ()T + Aay ()] + Aa, (Dk.
[ToxinuBiM oOUJIBI YaCTUHM HA MPUPICT apryMeHTa At Ta mepexoasiuu 10

mexi npu At — 0, oTpumaemo
10



-

.. Aa
lim — = lim 227+ lim —] + lim 2k,
At—0 At At—0 At At—0 At At—0 At

abo

dd day- da, 7
w -t +dtk (1.4)

day >

. dax day a; o . . . co
B bOMY 3aIlrCl1 F ) ? a E — 3BUYaKHI1 IMOX1JIH1 CKaAJIIPHUX (I)YHKHII/I

1.1.1. TloxiaHi BUIITUX MOPSJIKIB

[ToximHa 3amaHoi BEKTOP-(PYHKII T O CKaJIIPHOMY HANpsSMKYy € HOBa

BekTOpHa (yHKIIsA. OTKe, MOKHA 3HAWTH 1 IPYTY Ta 1HILI MOX1IHI 3aAaH0i PyHKIIT

d?d(t) _ d [dd(t)], d3d() _ d [dza(t) . ard(t) _ d [d"-la(t)
dt2  dtl at 1’ a3~ del aez 1’ datn  dtl den-1

B anamitnynii (popmi NOX1JHI BULIUX MOPSAKIB MAIOTh BUJL:

d?da(t) d[day, da,, da,-] d*a,, d*a d?a, -
—_ - - k] — - YV > k
acz dtlar T @’ T ar iz A Y
d"d(t) _ d"ay- , d"ay 5  d"a; 7
@ - am .+ — ) + yyes k. (1.5)

1.1.2. OcHOBHI BJIaCTUBOCTI ITOX1IHOIL

1. Axmo a(t) = l7(t) + l_/)(t), o dc;(tt) _ai® , v

dat — dt
2. Hexait @(t) = mU, ne m = m(t) — ckansipua Qpynxuis, a U = U(t) —

BEKTOpHA (YHKIIIS OJHIET 1 Ti€T %K 3MiHHO1. Toi

d[m@®)U(t) dU(t) dm(t)
AmOVOL _ o ¢ 0.
SIxmo m = const, TOd—m =0 iM = md—U.
dt dt dt

3. B = (ﬁ(t),l?(t)), Tomi
di(tt) _ (dU(t) V(t)> (U(t) dV(t)).

U(t) = [d(t) x b(®)], o

&

11



dau(t) _ [dac) o db(t)
0 = [E2 x5 +|aw x =2

BigHocHO ocTaHHBOT (HOPMYITH CITiJT 3a3HAYUTH, 1110 B HIH TOPSIIOK MHOKHHUKIB

B KO’KHOMY JIOJaHKY MA€ CTPOrO BU3HAYCHE 3HAYCHHS i HE MOKE IEPECTaBIIATHCS.
5. TIlIpencraBumo Bextop d(t) B Takomy Burnsmi d(t) = |d|a®(t), ne a® —
OpT BEKTOPY , TOI

dd _ dld|—g , da% | -
—=—0a%+—]al. 1.6
dt — dt dt lal (1.6)
Il 3arampHa (QopMyla BpPaxoBye 3MiHY SK MOMIYJsl BEKTOPY, TaK i HOro
HAIPSAMKY.

5.1 VY BektOpi-QyHKIII 3MIHIOETbCS TUIBKM MOJYJb, a OpT

.da _ dldl—g
3aJINIIIacTbCA CTaJINM. TOIII E dt —ab. BGKTOp HOXl,Z[HOl CHIBHaIIaG 3d HAIIPpSIMKOM

3 BUX1JJHUM BEKTOPOM.
5.2. Hexaii Oyne HaBnaku, y BEKTOp-(QyHKIII 3MIHIOETHCS HE MO1YJIb,
a opt a®(t) mpu 3miHi aprymeHTa t:

da _ |_> d_c”io.
dt dt
OTpuMyeMoO, 10 TOXITHA BEKTOPY-(QYHKINT MEePHEHANKYISIPHA BUXITHOMY
BekTOpy d. lomorpad BuximHOi (yHKIII — KOlO, a JOTUYHA [0 HBOIO
MEePIICHIUKYJISIPHA JI0 PaalycCy.
6. Hoxiz[Ha CKJIaJIHO1 (DYHKITIT.
Hexait a(U)iU = f(t). Sk i B ckanapHOMY aHaIi3i

dd _ dd du
dt  du dt’

1.1.3. InTerpyBanHs BeKTOPY-(YHKIIIT IO CKAJIIPHOMY apryMEHTY

e . . v e
BBaxaroTs, mo A(t) € nepBicHa BeKTOp-(PyHKIIis, a00 HEBU3HAYEHHUI 1HTErpal
e > da ) ) ) ..
byukmii a(t), saxmo — =da [2, 6]. [TepBicHy (yHKIIiO, K 1 B CKaJIIPHOMY aHai3l,

IIO3HAYUMO /T(t) = [d(t)dt. 3 BracTMBOCTEW IHTETPYBaHHS CIIiAy€e, MIO
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iHTerpyBanHs He Mae equHOro po3e’s3ky 1 A(t) = [d(t)dt = A(t) +C, ne C —
TOBUTHHUYM TIOCTIMHHIA BEKTOP.
JIerko MOXHa JOBECTH, 1[0 OCHOBHI TEOPEMH, 10 XapaKTEPHi IS CKaISPHUX

BEJIMYMH, MIACHI 1 JJIs1 BekTOopHUX. lle TeopeMu mpo BHHECEHHS MOCTIHHOTO

S
MHOKHHMKa 32 3HAK 1HTErpajga Ta Mpo IHTerpajl CyMu IBOX (PyHKIiN. Skmio d —

MOCTIHHUN BEKTOP, TO CIIPABEAIUBO

[(d, &) dt=(d, [ adt) + C;

j[cfx&]dt= [&xfadt]w.
Axmo migiHTerpanbHa  (QYHKIIS ~ NPEACTABICHA  PO3KIAJaHHSAM IO

KOOPJAUHATHUM OpTaM, TO
AW = [d®)dt = [ a(t)dti+[ a, (D)dtj+[ a,(t)dtk + C.
Busnauenuii inmezpan:
[ a®de = A@D)12 = Aty) — A(ty).
B ananituynii gopmi:
ft";z a(t)dt = fttlz a (O)dt T+ fttf a,(t)dt - j + fttf a,(t)dt - k.
B 3aranpHOMYy BUNAJKy BU3HAYEHUMN 1HTErpajl OOUUCIIOETHCS SIK MEKa CyMU

HECKIHYEHHO BEJIMKOIO YMCIIa HECKIHYEHHO MAIMX CKIAnoBux Bumy d(t;) - At;:

lim ST, () - At; = [, a(t)d.
n—->0o

1.2.1. BekTop sk €eMeHT JiHiT

He 3aBxau mpaBuiia CKaJIIpHOTO aHAJI3y AII0Th TaK CTPOTO, SIK 1€ OMHCAHO B
nornepeHix 3agadax. Ha HacTymHUX MpUKIagax TMOKa3aHO, M0 Yy BEKTOPHOMY
aHaJi3l MOXyTbh OyTH 1 BiacH1 mpaBmia. Hexail 3adikcoBaHO MOJIOKEHHS JIBOX
To4oKk O i A Ta IPOBEJICHI JIeIKl KPUBOJIHIAHI TPAEKTOPIT, IO 3’ €IHYIOTH 111 TOYKU

(puc.1.3).
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Puc. 1.3. I'pacdiune npeacTaBiieHHs BEKTOPY SK €IEMEHTY JIiHIi [2]

BubepemMo oHy TpaeKTOpiro 1 po3aiTUMO 11 Ha psT HEBETMKUX JUITHOK TAKUM
YUHOM, 100 JOBXKHUHY [-01 AUISHKKA MO>KHa OyJI0 MpeacTaBUTH BekTopoM Al, abo

S
fioro mudepenmiaiom dl. HampsmMok 1Oro elxeMeHTapHOTO BEKTOpPY o0epeMo B

HaIpsAMKY pyxy Bia Touku O A0 TOUkH A.

Bynemo 3611b11yBaTH 4ucI0 M Tak, M0 m — o0 | Al - 0. SIkum 61 YMHOM He
pO30MBATH KPUBOJIHIMHY TPAEKTOPIIO, CyMa €JIEMEHTapHUX BEKTOPIB Afi, Oyne
JIOPIBHIOBATH BEKTOPY 04A=A4

Sk BimoMo, Mexa (TpaHUIls]) CyMU HECKIHYEHHO BEJIMKOTO YMCIa CKIIAJIOBUX,
KOJIM KOXKHE CKJIa/I0B€ HECKIHUEHHO MaJjlo, Ha3MBA€TbCS BU3HAYHUM 1HTEIPAJIOM.

- - -
. m _ _ . o o
Sxmo 3anucaru r}ll_r)lgo YrLAL = oadl =4, TO OTpHMAaEMO KPHBONIHIIHMIA
1HTerpal.

Ax Bimomo ¢opma TpaekTopli HE 3MAIMCHIOE BIUIMBY Ha pe3yJbTar
IHTErpyBaHHs, a 3aJ€KUTh TUIBKH BiJ MOJIO)KEHHS MOYATKOBO1 Ta KIHI[EBOT TOYOK.
[Tpu nepexoai y 3BOPOTHOMY HAINpsIMKY , TOOTO 3 TOUKH A B Touky O, MaeEMO

dl = -4
on -
Tonai MmoxkHa CTBEpKyBaTH, 1110
dl dl =0
fOlA T fAZO o

Taxum 4rHOM, iHmezpan 6eKmopy no 3aMKHEHOMY KOHMYPY 00PI6HIOC HYTIO.
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1.2.2.BexTop SIK €JIeMEHT MOBEPXHi

Hexaii 3amana kpuBoriHiiiHa moBepxHs S (puc. 4). Po3i6’emo ii Ha okxpemi
TUISHKY, ajie HaCTIIbKK Malli, 110 KOXKHY 3 HUX MOKHA BBa)KaTH IUIOCKO0. KoxHa
eJIeMEHTapHa KOMipKa (JIIJITHKA) Ma€ CBIM KOHTYpP 1 XapaKTepU3YEThCSI HOPMAILIIO

3a IIPaBHJIOM IPABOTO TBHHTA [2].

Puc. 1.4 I'pacdiune npeacTaBIeHHs BEKTOPY K €JICMEHTY OBEpXHi [2]

Koxna moBepxHs dS; 300paxyerscsi BekTopoM dn;. IlimcymoByemo Bci

eneMeHTapHi Komipku. Hexait komipok Oyae M 1 koxkHa Komipka AS;
[— o . = . .

XapakTepu3yeThesi BeKTopoM 1,. Hexait m — oo, toni AS — 0. Toai cyma koMmipok

BHU3HAYA€THCA TaKMM YMHOM

. m Ed _ -> _ — _ e

lim 3%, AS, = Jg dS=[, di=N.
[lin 1HTErpasoM MO MOBEPXHI OyIEeMO PO3YyMITH T€OMETPUYHY CyMy BCIX
komipok AS abo Bcix BekTopiB dil. Byab-sKy 3aMKHEHy IOBEPXHIO OYIEMO

pO3MIISIiIaTh AK 3aMKHEHUM OaratorpaHHUK, CKJIaJeHHM 3 enemeHTiB dS; abo

. v .o . . v .
BEKTOpiB 7,. JlJIsl 3aMKHEHOI MOBEpXHI S Cyma BCIX 71, JOPIBHIOE HYJO. Takum

= — . . .
unrom, ¢p dS = ¢p dii = 0. 3 ocrannboro crissigHOmIEHHs ciinye Hactynue. Ha

3aMKHEHIl noeepxHi S npoeedena 3amkHeHa NiHia L, wo nodinae S na 08i

yacmunu S1i S,. Todi cnpageonueo, wio gﬂisl ds = — iﬁsz ds.
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2. CKAJIAPHE ITOJIE

Hexaii B meskiit obmacti D BusHauena ckanspua ¢yskiis U = U(x,y, z). e
3HAYUTh, 10 B KOXHIM Touli M, sika Hajexutb obmacti D M € D ¢ynkuia U
npuiiMae BU3HA4YeHE 3HadyeHHsA. Skmo Touka M 3agaHa  JeKapTOBUMU
koopaunatamu M (x,y,z) abo pamiyc-Bektopom M(r), To maemo U = U(M) =
U(x,y,z) = U(r). Toai kaxyts, mo B obmacti D 3amano ckamspae moie U [2].
SAxio obnacte D oOMexeHa, TO TOJII MatoTh OyTH 3aj1aH1 TOBEPXHI, SIK1 € TPAHUIIMU
(MexamMu) obsacti; xoya odnactb D Moxke Oyt HeoOMexeHoto. [ mmomnuuun U
3anekuTh Big aBox 3minHux U = U(x,y). Toai 1me aBoBuMmipHe, ab0 ILIOCKE,
CKaJIsIpHE TIOJIE.

HaiinpocTimmii MeTo/ 1 BUBYEHHSI CKaJIIPHOTO IMOJIs — MOOY/I0Ba IMOBEPXOHb
piBHS 200 €KBINOTEHUIATBHUX NOBepXOoHb. Hexail pyHnkiis U npuitmae sike-HeOy1b
yuciaoBe 3HaueHHA C, TOI1

U(x,y,z) =C. (2.1)

3HaliIeMO TEOMETPUYHE MICIIE BCIX TOYOK, IO 3aJ0BOJILHSIIOTH I[bOMY
piBHsHHIO. lle, 3BuyaiiHo, Oyje Jeska MOBEpPXHs, sIka HAa3UBAETHCS TOBEPXHEIO
piBHs. 3MiHIO0OUM pi3Hi unciaoBi 3HaueHus C (Cy; C; = Cy +iAC; i =1,2,3++,n)
OTPUMYEMO CIMEHCTBO TIOBEPXOHb PIiBHA, a00 CIMEWUCTBO 130JiHIA st
nBoBuMipHoro mosns [1-3, 6]. Lle B 3Ha4Hii Mipi gomoMarae 3’sCyBaTH CTPYKTYPY
TOJIS: BHJIHO, B SIKMX MICIIIX TIOJSI 3POCTalOTh;, B SIKMUX 3MEHIIYIOTBCS, a Je
3QIMIIAIOTHCS HE3MIHHUMH. MokKHA 3pOOMTH 1 KUIBKICHI BUCHOBKH. B THX MicIIfX,
Jie 130J11H1i BIATOBIAHOTO TOJISE O0COOMMBO 30MMkKeH1, ckaisapHe mose QyHkii U
3MIHIOETBCS ~HaAWOLIBII  MmBUAKO. HampsMok HaWOUIBIIOT 3MIHM  3aBXIU
NEPHEHANKYJISPHANA 130JIiHISIM. Y BHITQJIKy, SIKIIO 130JHIT TIOJSI PO3PSIKEHI,

(GyHKIIISI 3MIHIOETHCSI IOBUIBHIIIIE.
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2.1. IloxixHa ckaasipHoi PyHKUIII 32 JTaHUM HANpAMKOM. I'pajieHT.

Hexaii 3amane nonne U = U(x, y, z) Ta € IesKuii HAIPSIMOK
1° = cosai + cos ] + cosyk. (2.2)

[le € onMHUYHUNA BEKTOP-0OPT, AKUH OMHUCYETHCSA HAMPSIMHUMH KOCUHYcamu. B
3ajaHoMy Toii BuOepemo Touky M(x,y,z), ne BOHa BU3HAueHAa Ta (DYHKIIS
npuiimae 3nadensst U = U(M). 3 Touku M npoBeeMo npsimy, sika mapaiiesibHa OpTy
19 ta 3adikcyemo Touky M, . Hexaii Bimpizoxk MM; = Al. Toxi Ipu nepexoii 3 TOUKH
M B TOouky M; ¢yHkuis otpumae npupict AU = U(M;) — U(M). lleir mpupicTt

BIJIMIOBITa€ IPUPOCTY HE3AIEKHOI 3MIHHOT Ha Bipi3Ky Al.

Iloxionoro ckanapuoi hynKuii 3a 3a0aHUM HANPAMKOM HA3UBAEMbCA MEHCA
6iOHOUWIEeHHA npupocmy @QYHKuUii 00 npupocmy nepemiuieHHsA MmMOUKU, KOlU

OCMAHHI NPAMYE 00 HYNA:
au . UMy)-UM . AU
al  Al-0 Al Al-0 Al

(2.3)
Bupaszumo npupict ¢pyHkuii yepes ii gudepeHiian

ou ou ou
AU = gAx +$Ay +EAZ + &,

JIe € — HECKIHYEHHO MaJia BeJIMYMHA OPAIKY Bulle nepmoro. Toi
U _ U ..

Ax 0U ,. Ay  0U,. Az . £
— =—Ilim —+—Ilim —+ — lim — + lim —.
al 0x Al-0 Al 9y Al—0 Al 0z Al—»0 Al Al—0 Al

Jlerko BU3HAUMTH, 110 IPEICTABICHI TPU MEXKI1 — HAIPSIMHI KOCUHYCH 33/1aHOTO

opta [°, a ocTanHiii uneH piBHAHHS NEPETBOPIOETHCS B HyIIb. Toi
Ax Ay Az . .
o = cosa; — = cos B; 2, = COSY i, BIAMOBI/IHO,

U _ au au au
—=— — +— : 2.4
o = . cosa+ 35 08 B 5, COSY (2.4)

Posrnssuemo Takuii BEKTOp (, SIKUH CTBOPIOETHCS CKalApHUM mojeM U =

U(x,y, z) Ta HA3MBAETHCS TPATIEHTOM LBOTO CKAISPHOTO IOJIS

~ oUu- 09U
G —gradU——L+E]

ou »
- +2 k. (2.5)
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Toal moxigHy 3a HaANpPSIMKOM NPEACTAaBUMO SIK CKaJsIpHUNA ITOOYTOK JBOX

BekTopiB gradU Ta [°:

‘2_7 = (gradU,1°)=Ip.|,pgradU. (2.6)

[ToxigHa CKaJIspPHOTO MOJIA 3a 3aJaHUM HANPSIMKOM BU3HAYAETHCS CKATSIPHUM
NO0OyTKOM TpajiieHTa MOJsl Ha OJAMHUYHHUI OPT I[bOro HampsMKy. ToOTo, moxigHa
YHUCEIbHO JOPIBHIOE MPOEKIlii BEKTOPY-TPANi€HTy MOJIA Ha 3aJaHuil HaIrpsIMOK.
[{iTkoM OYEBUAHO, IO MOMYJb TPai€HTY Ta MOro HAMpsIMHI KOCHMHYCH MO>KHa

OOYHCIIUTH HACTYITHUM YriHOM [1, 2, 6]:

6] = lgraal = J(22) + (2" + (%)’ @)

Gx
Id

Gy

= cosa = cos(G,x); Sy — cos B = cos(G,y); 5] = cosy = cos(G,z).

H

Posrnsaemo 1ie onHy o0ctaBuHy. Buxoasuu 3 Bulle 3a3HauyeHux (HopMyst Ta
MOBEJIHKA TOXIJIHUX, MOXHA 3pOOMTH BHUCHOBOK, IO TPAJIEHT TOJsA HE
BU3HAYAETHCSI CUCTEMOIO KOOPJIMHAT.

To0T0, B sKiii OM cucTeMi KoOpAUHAT He OyJia O 3amucaHa cKajasipHa QyHKIIIS
U=U(x,y,2z), Bektop gradU 3aBxau npuiiMae TaKUi HAIPSIMOK, B3IOBXK SKOTO
noxigHa 3amaHoi (yHKuii € Haibinpmoro. Takum uyuHOM, gradU € iHBapiaHT
CKJISIPHOTO TOJISI.

Busnauennsa. Ineapianmom 0anozo 00’ekmy Ha3ueacmovCAa 6eIUUUHA, WO HE
3anexcums 60 cucmemu KoopouHam ma xXapakmepusye AKi-HeOyOb

enacmueocmi 00°cxkmy.

3 iHmOl TOYKH 30py: B KOXHiM Touri ckamspaoro mois U(M) moxna
-

noOyIyBaTh BEKTOpP TpagieHTy G, MOIYyJb SIKOTO JOPIBHIOE MaKCUMalbHIN

IIBUJIKOCTI 3MIiHU MO B i Toulll. Bexmop G Ha3usaemvca 2padieHmom

CKAJIAPHOZ0 NOJIA.
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2.2. Oneparop I'aminbToHa- HabJsia. Bupa3 s rpafgieHTy B CHUMBOJIIYHIT

dopwmi.

I'panient ckansspuoro nons U = U(x,y,z) B AeKapTOBiii CHCTEMI KOOPIMHAT

PEICTaBUMO:
U  oU - U 7

T =—1l+—]+—
gradU 6xl+6y]+az k

BBenemo onHy yMOBHY orepaiiito. Bunecemo 3a 1y Ky sIK MHOXKHUK (DYHKIIIO

U. Toni
> d _> i 7
gradu = (5-7+ =T+ k)U. (2.8)

Ymoeny onepauir, axka zanucana 6 oyyxuckax, noznavaromo cumeonom V
(cpeuvka dykea «naona») ma Hazugacmocsa onepamopom I'aminemona-naébna. Ile

CUMBOIYHUIL 6EKMOP.

-

v=—z+—]+ k. (2.9)

BianosinHo piBHSAHHSA (2.8) MOKHA 3aMMcaTd TAKUM YHHOM:

gradU =VU. (2.10)

CaMOCTIHHO CUMBOJIIYHHUNA ONIEPATOP HE 3aCTOCOBYETHCS. SK onepaTop BiH i€
Ha BHUpAa3, SKUM 3aMKMCaHo Bijpasy micis Hboro. OctanHs Gpopmylia MPOMOBIISIETHCS
TaK: TpajileHT ckasipHoi PyHkIii U nopiBHioe HaOma U. dopmyia € CUMBOIIYHUM

BHpa3oM rpajienty [1-3, 6, 7].
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3. BEKTOPHE I1OJIE

Hexait Bu3Hnadyena neska obmacte D, 3 k0kHOIO TOukoro M(X, Y, Z) sKoi

OB’ I3aHUM BEKTOP.

d(x,y,z) = a,(x,y,2)T+ a,(x,y,2)] + a,(x,y, Z)E (3.1)

Toxi kaxyTs, o 3axana Bekrop-pyukuis d(x,y,z) = d(M) = d(x,y, z).

O6nacth D Ha3MBaeThCA MMOJIEM 3aJaHOTO BEKTOPY .

3amaT BEKTOpHE TOJIe — II¢ 03HAYa€ BKA3aTH 3aKOH, 32 SIKUM JUISI KOXKHOT
toukr M(X, Y, z) oosacti D MoxxHa Bu3HaunTH BekTop [1, 2, 6].

PosrissHeMo MaTeMaTH4yHi METOIM BUBUCHHS BEKTOPHHX TIOJIIB.

[lepmmm 1 HaOUIBII TPOCTUM CIOCOOOM BHUBYEHHSI BEKTOPHOIO MOJS €
noOy/10Ba B HhOMY BEKTOPHHUX JIIHIH.

Hexaii B o6acti D 3agaH0 BeKTOpHE IM0JjIe
- - - 7
a(x,y,z) = a,l+ a,j + azk.

BeKkTOpHOI0 HA3WMBAETHLCS TAKa JiHIS, B KOXHIM TOYIl SKOI BEKTOp d €

TOTUYHOIO JIO HET.

B nosi Bektopy d 06epeMo Touky M(X, Y, Z), 4epe3 Ky IPOXOAUThH BEKTOPHA

miHig L (puc. 3.1).

Puc. 3.1 I'pacdiune npeacTaBieHHs BEKTOPHOT JIiHii [2]
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[i Mo’kHA TIpeICTaBUTH pajliyc-BEKTOPOM

R=R®=x®)T+ y@)]+ z(Ok . (3.2)

3a 1eKUM 3Ha4YeHHsAM t BEKTOp R BKaxce HaM Ha touky M. Toni ¢pyHKuii X, Yy
Ta Z B piBHAHHI (3.2) 3a ¢ikcoBaHOTO MapaMeTpy t Oy1yTh KOOpIMHATAMHU TOYKH M.
Ile € BekTOpHa (opMa PIBHAHHS BEKTOPHOI JIiHii, B KOXHii Touni M Bektop d

CHIBITaJIa€ 3 HAIIPSIMKOM T — JOTHYHOT 0 JiHii L:

o df_dxp dy. dzp
T= T T dtk' (3.3)

SIKII0 BEKTOpM T Ta d KouliHeapHi (mapaiesbHi), TO JErKO MOYKHA 3alKcaTy

YMOBY MapajelbHOCTI BEKTOPIB:

dR _

Lle € mykanum piBHSAHHAM. Moro Tpeba mepeBecTH B aHANTUYHY (opmy.
3anuiieMo piBHSHHS MapajelbHOCTI B TAKOMY BHU/IL:

& _(@)_ &

- - )

a, a, a,

abo

E_2_Z (35)

ay ay a,

Ile € cucrema nBox nmudepeHHiabHUX pIBHSAHL. BiamosigHo, 3amauda
noOyJJOBM BEKTOPHHX JIIHIM MPUBOAMTH 1O BUPIMIEHHS ABOX IU(EepeHLIaTbHUX
piBHAHb cucteMu (3.5). 3a pe3yapTaTaMu pO3B’SI3KYy MOXKYTh OyTH OTpHMaHi JiB
GyHKIT:

f1(x,y,Z) = Cl Ta fz(x,y,z) = CZ ' (36)

KoskHe 3 piBHsAHBL cucTeMu (3.6) — Iie MOBEpXHs. IXHili TepeTUH BH3HAUAE
TIOJIOXKCHHSI BEKTOpHOT JiHii [2, 3, 7].

Toni, MokHa cka3atu, 110 Oyae Oyab-ska Touka M(X, Y, Z), 0 HAJCKUThH
obnacti /[, Moxe OyTw TPUIHATOIO 3a MOYATKOBY a00 BUXIAHY Mg MOOYJAOBH
BEKTOPHOI JIiH1i. BiiMoBiAHO, YKCIIO JIiHIN HEOOMEKEHO BEJUKe, Ta BCs 001acTh J|

MO3K€ OyTH pPIBHOMIPHO OKPUTA HUMH.
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Y ¢i3uyHuX MONAX, SKIIO MPOBECTH B JAOBUIbHIA Touili M(X, Y, 2Z)
OpPTOTOHAJIBFHY JI0 BEKTOPY IMOJIS TUIOMIAIKY, TO TO/A1 Yepe3 OJUHUITIO TUTOIIII TTPOiIe
TaKe YHMCIIO BEKTOPHUX JIHIH, SIKE TOPIBHIOE MOTYJIIO BEKTOPY B 11iii TOUIl. B Takomy
BUMAJKY TOJIE, IO MPEICTABICHO CHUCTEMOIO0 BEKTOPHHX JIiHii, Ma€ pi3HY IXHIO
wineHicTh. Tam, 1€ MOLYJIb d — BEIUKHUH, BEKTOPHI IiHii 3rymeni. Ta HaBmaxu, Je
BiH MaJICHBKHH — JIiHIT po3pimkeni. ko a = a(X, Y, Z) B yciX ToUYKax Ma€ 0JTHAKOBI
a0COJIFOTHI 3HaYEHHSI Ta HAIPSIMOK, TO TO/I1 BEKTOPHI JIiH1T TAKOTO MOJISI PO3MOALICH]

PIBHOMIpPHO Ta MapaneibHi MiXK co00t0. Take moyie Ha3UBAETHCA OJHOPITHUM.

3.1 IloTik BeKTOpPY 4epe3 NOBEPXHIO

Bnepme 1e mNOHATTS 3°4BWIIOCA B TIAPOJUMHAMILI, a MOTIM B Teopli
CJIEKTPUYHOTO OJIs1, TOJIS CHIIM TSDKIHHS Ta MPY BUBYEHH1 MarHeTusmy. Lle moHsTrs
€ 0a30BUM JJI1 BEKTOPHOTO aHati3y moiis [1-3, 5].

PosrasiueMo HalimpoCTIMil MpUKIIa.

Hexaii B geskiit 065acTi pyxaeTbes piiIiHa Ta CTBOPEHO TOJIC MIBUAKOCTEH
V(x, Y, Z). Jdnst cripoiiieHHsT MPUIyCcTUMO, 110 BOHO OJHOPITHE, TOOTO BEKTOP V B
yCIX TOUKaX Ma€ OJTHAKOBUHN MOJTyJIb Ta HanpsiMoK. Hexail Ha UIsAXy MOTOKY piJIMHA
icCHye mpo3opa i piAUHU [JomHa BenuwuymHoo S.  Ilg  mmommHa
XapaKTEPU3YETHCS HOPMAILIIO 710, KA HANpaBJIeHa IIij JEIKMM KyTOM JI0 BEKTODY
MBUJKOCTI. BuzHaunmo 00’e€M piAvHM, 110 MPOTIKAE Yepe3 JlaHy MOBEPXHIO 3a

OJIMHUITIO Yacy (AUBUCH PUCYHOK 3.2).
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Puc. 3.2 I'padiune npencTaBieHHs MOTOKY BEKTOPY Yepe3 MOBEPXHIO [2]

SIK110 B MOYaTKOBUI MOMEHT LIap piiiHU OyB Ha muiommHIl AB, To 32 ogHy
CEKyH/y BiH mepeMicTuBcs B moJjiockeHHs: CD Ha BizmcTanb |V| OJVHUILL. BUXOINTS,
10 ITYKaHU 00’ €M piIMHU JOPIBHIOE 00’ €My LIWIIIH/PA, 1110 MO0y A0BaHUM Ha AaH1H
TJIOIIA/II 3 YTBOPIOIOYOIO, sIKA IOPIBHIOE MIBUIKOCTI OTOKY |V|

[To3naunmo 11eit 00’em uepe3 N. Bin nopiBHIOE 1OOYTKY IUIOLII OCHOBH Ha
Bucoty. Bucora h = |V| cos @, ne ¢ — kyt mix Bextopamu V tan®. Tomy N = V -
S+ cos @ = (V,5n°). Takum 4YMHOM KilbKiCTh piMHM, IO NpPOTIKAE Uepes
nosepxHio Sn®, nopiBHIOE cKangpHOMY MOOYTKY WIBHUAKOCTI pyXy piAMHH Ha
BEKTOP-HOPMaJIb J0 MTOBEPXHI.

ITo anmanorii 3 onucaHow 3a7adycio TIAPOAUHAMIKHA BBEJICHO MOHSTTS IOTIK

BEKTODY.

Hexall 3amano mone aeskoro BekTopy d(x,y,z). ObepeMo B LBOMY IO
mIomaaKy AS 110 BU3HAYAETHCSI OPTOM no. [Ipu npOMy BeNMYMHA TJIOMIAKH MA€
OyTH HACTIILKM MO, 00 BEKTOp d MOXHa Oyja0 0 HaOIMKEHO BBaKATH
MOCTIHHHUM Y BCIX TOUKaX IUIOMIAKH.

HaseeMo enemenTapHuM noTokoM AN BekTopa d uepes miomaaky ASn®

CKaJIIpHY BenmuuHy [1-3, 7]
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AN = (d,AS7®) = |d|AS cos (d, 70). (3.7)

3a3HaunMo, 110 KyT MOXxe Oyt abo rocTpuM, abo Tynum. BiamosigHo, mOTiK
Oyne abo momaTtHiM, abo Bija’eMHUM. AOcotoTHa BennunHa AN yMOBHO MOKa3ye
YHCIIO BEKTOPHUX JIHIH, 110 MPOXOATh Yepe3 IIoMmaaky AS.

VY3araapHUMO Tenep Hallle BUBHAYCHHS.

3amano BekTopHe Tone d(x,y,z) Ta BU3HAueHa OBLILHA KPUBOJiHiMHA
MOBEPXHS SKIHIIEBUX po3MipiB. Po3mimMo 1i Ha M eneMeHTapHUX YacTHHOK AS;.
Bonu MaroTh OyTH HaCTUIBKK MaJIUMHU, 11100 KOKHY 3 HUX MO>KHA OyJI0 O IPUITHATH
3a ionuHy. Ha momaami AS; Bi3bMeMO JOBUIBHY TOUKY M; Ta moOyayemMo B L1d
TOYIIi HOPMAJIBHUIA OPT 71y Ta BEKTOPY d. MOXHa 0GUHMCIIUTH eJIeMEHTapHi MOTOKH
AN; yepe3 KOXHY MOBEPXHIO AS;:

AN; = (@, AS;D).

bynemo migcymMoByBaTH 1i TOTOKH, 30UIBIIYIOYM 4YHUCIO M Ta THUM
3MEHIIYI0YM Iomanku AS;.

Cymapuuii nomiKk 6U3HAYUMO AK MedXHCy CYMU eleMEeHMAPHUX NOMOKIe,
KOJlU IXHE YUCN0 30I1bULYEMBCA MA NPAMYE 00 HECKIHYUEeHHOCMI. 3a 6U3HAUEHHAM

ue inmezpau:

N = lim ¥, (a, AS}) = [f, (an®)ds. (3.8)

m-—oo

OOGuucieHHs TOTOKY BEKTOPY 3BOAUTHCA JO OOUYUCICHHS TMOJBIHOTO
inTerpany [1-3, 6]:
N = [f, |a,cos(ii, x) + a,cos(it,y) + a,cos(i, z)|ds (3.8 a)
S0 MoBepXHs S, TO, K OyJI0 BCTAHOBJIEHO paHime, n° — 30BHIIIHA HOpMAaIb.

[ToTik 3anmumemMo SK:

g, (@n®)ds. (3.9)

bynemo BBaxatu, 1o iHTerpai (3.9) oduncneHuid.

PosrisitHemo, sIKi BUCHOBKHM MO’KHA 3pOOWUTH BITHOCHO TOJISI 32 BEITWYMHOIO

(3.9).
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BigzHauuMo, 10 B OJHHMX MiCLs BEKTOp d MOXE BXOJUTU B CEPEIAMHY
3aMKHEHOI ITOBEPXHI S, 1 TO/1 KYT MI’K BEKTOPOM 1 HOpMasutio Oyje TynuM. Kocunyc
IILOTO KyTa — BiI’€MHUM, 1 TOTIK TaK CaMo BiJl’€MHUH 3HAK.

B iHIIMX MICIISIX BEKTOP d MOYXKE BUXOAUTH 3 3aMKHEHOI IOBEPXHi S, i Toi KyT
3 HOpMaJuTio Oyie rocTpuM. B manomy BUNaaky moTik Oyzae 1oAaTHIM.

B IeSKMX 9aCcTUHAX MOJIS BEKTOP d OyJe KOB3aTH II0 MOBEPXHIi, TO HOT0 KyT 3
HOpMAJLTIO OyJie mpsiMUM. B TakuXx BUIMAaIKaX MOTIK CTA€ HYJIbOBUM.

Moske BUSABUTHCS, IO AOJATHUX CKIIAJOBUX OUIBIIE, 1 3arajbHUMN MOTIK Oy/e
nonatHuM. Lle o3Hauae, 110 3 3aMKHEHOIT MOBEPXH1 BEKTOPHUX JIiHIHM Oy/1€ BUXOIUTH
Olsblle, HIXK YBiiUI0. BeepeaunHi i€l moBepxHI MatOTh OyTH JKeperna BEKTOPHUX
JIHI.

Hapnaku, sSKIo cyMapHUM MOTIK BiJ’€MHHUH, TO BEKTOPHHMX JIIHIM BXOJHUTH
Olbllle, HI)K BUXOAUTh. TOJ1 BCEpeanHl 3aMKHEHOI MMOBEPXHI MalOTh OYTH CTOKH
BEKTOPHUX JIIHIM a00 CTOKH MOJIS.

Axmo cymapHMil TOTIK JOPIBHIOE HYIIO, TO YHUCJIO JIHINW, [0 BUUIUIH
JIOPIBHIOE YKCITY TUX, 110 BBIMILIK. BeepennHi Takoi MOBEpXH1 HEMAE Hi JKeped, Hi
CTOKIB TTOJISL.

3amaua 1
3agaHo nose d = 7. 3HAWTH MOTIK [LOTO BEKTOPY YePE3 IOBEPXHIO pajiyca

R 3 1ieHTpoM B Mo4YaTKy KOOpJUHAT.

3ajane moJse IpeacTaBuMo Tak: d = 1 r9. 3anuiuemMo moTiK BEKTOpPY 4Yepes

1HTerpas 1o noBepxHi cepu:

N = #g (5,)?10 ) ds.

B manoMy Bumaaky BEKTOp d Ha HoBepxHi cepu Oyae d = R 70, Hopmais
JI0 TIOBEPXHI CHIBIAAE 3 PAIIyCOM nd = 79, Tomi MOTIK 3aIUIIETHCS:

N =d¢ Rds =R ¢ ds =RS = 4mR3.

coepu
BiamoBinHo, 3amane mosie Take, Mo WOTo JHKEPESI0 3HAXOMUThCS BCEPEIUHI

chepu. Ilomik — 0ooammue yucno.
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3.2 JluBepreHuis moJjst

BuBueHHs MOTOKY BEKTOpPY Bele IO IHIIOTO IYy>K€ BaXKIMBOTO TMOHATTS
BEKTOPHOI'O aHalli3y — JUBEPreHilii, abo po3xomkenns mois [1-3, 5-7]. Lle nonarts
JI03BOJIsIE€ OUTBII TITMOOKO XapaKTepU3yBaTH BIACTUBICTD MOJISL B KOXKHIM TOYIII.

Hexaii 3anano nose d(x,y, z):

d(x,y,z) = a,(x,y,2)T+ a,(x,y,2)] + a,(x,y, 2)k.

Obepemo B 1bOMY TI0JT1 OBUTbHY TOUKy M(X, y, z). OTounMo ii 3aMKHEHOIO
MOBEPXHEI0 S TOBLILHOT (hOPMHU, aJie TAKOIO, IO BIJICTaH1 BCIX ii TOUoK Big M OyayTh
Manmumu. O0’eM, IO 3HAXOJUTHCS BCEpPEAUHI MOBEPXHI, Mo3HauyuMo uepe3 AV.
3anuIeMo MOTiK BEKTOPY d Yepe3 3aMKHEHY IMOBEPXHIO S Ta CKIIAAEMO BiJHOLIEHHS
1bOro MoToKy a0 AV. Bynemo 1 Hajgani ctaryBaTu noBepxHio S mo Touku M. Tomi
06'em AV 6y/ie 3MeHIIyBaTHUCS.

Me>Ky ObO0I0 BiI[HOIHGHHfI Ha3BCMO I[HB@DFGHI_[iGIO abo PO3PATKCHHAM I10JIA

B TouIli M(X, Y, Z).

Takum uunom, oueepzenyicio abo po3paoxicenuam eexkmopy a(x,y,z) y
Qikcosaniit mouuyi nona M(X, Y, 7) Hazueacmvca medxnca GIOHOUIEHHA NOMOKY
sekmopy d uepe3 3aMKHEHY NOGEPXHIO, Ui0 OnUcana Haskpyzu mouku M, 0o

00°emy, AKUIL OXONTIIOE YA NOBGEPXHS, KOJIU OCIAHHII NPAMYE 00 HYJIA.

3amnumiemMo:
— =0
divd = J&%W' (3.10)

Jlusepzenuia — ckanapua eenuuuna. Bona xapakmepu3sye epexkmuenicmo
oxcepena nonsa 6 oopanint mouui. Akuo éona oooamuna, mo ¢ mouui M ma iv
HeCKIHYeHHO MAill OKOIuyi € 0xcepena eeKmopHux aini. Axkuio ousepzenuyin
6i0’emna, mo ¢ mouuyi M ma it maniit oKoaIUYi € CMOKU NOJA., WO NO2TTUHAIOMDb
6exkmopHi Jinii. SAkujo ousepzenyia 0opienro€e Hyar, mo 6 mouyi M ma it manii
OKoJluUi Hemae Hi 0xcepest, Hi COKIG noJs.

3 Bu3HaueHHs auBeprentii (3.10) ciigye, 1m0 BCl BEIMYUHH, 110 BXOAATH J10

HEl, OB’ s13aH1 3 CaMUM TIOJIEM 1 He 3aJieKaTh Bl MPUHHATOI CUCTEMU KOOPAMHAT.
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TakuM 4MHOM, NHUBEPTEHIlS B KOXKHIM TOUIll IMOJS € 1HBapiaHTOM Iojs. BoHa
XapaKTepU3y€e€ BHYTPINIHI BJIACTUBOCTI CaMOTO IIOJII, BH3HAYAETHCSA HOTO

CTPYKTYPOIO Ta 30BCIM HE 3aJIC)KUTh BiJl KOOPAUHATHOI CUCTEMHU.

Bupa3 quBeprenuii B cumBoJIivHIi (opmi

B npsiMOKyTHI crucTeMi KOOPAMHAT TUBEPrEeHIIS OIS 3aITUCY€EThCS TAK:

., Oa, da, Oda,
diva = o + 3y + Fr

Hagsenemo mie asi popmynu:

v 2r4 2 +6E
ax' T 5y’

d = a,l+ ayj+ ak.
[TopiBHIOIOYM TPU OCTaHHI POPMYIIH, OTPUMAEMO:
divi = (V,d). (3.11)
TaxuM 4MHOM, Oueepzenyia nosa a € CKaIAPHUIL 000YMOK 6eKmopy V ma

3a0anozo eexmopy d [1-3].
3.3. Teopema Octporpaacskoro-I'ayca

[Ipu oGuKCIIeHH] TOTOKY BEKTOPY YacTO 3yCTPIYAOTHCS MEBHI TPYAHOIITI.

Heo0xigHo BpaxoByBaTH BCl1 3MIHM IIOJIS Ha 3aJlaHiii MOBEPXHI Ta 3MiHU
HOpMaJIl 70 Li€i MOBEPXHI.

B neskux Bumamkax 3amada OO4YMCIIEHb MOXKE OYTH TIOJIETIICHA, SIKIIO
MTOBEPXHS BUSBUTHCS 3aMKHECHOIO.

Teopema T'ayca-OcTporpaZcbKOro CTBEpPIKY€E, IO 3aMICTh MOABIHHOTO

1HTEerpajgy Mo 3aMKHEHi MoBepxHi gﬁis (E,’ 7° ) ds MOKHAa OOUYMCIUTH MOTPIAHUN

inrerpan Big div d, 1m0 PO3MOBCIOMKEHUM MO 00°eMy D, SKHU OXOILIHOETHCS

noBepxHero S [1-3, 5, 7].
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Teopema

Iomix eexmopy A wuepe3 0yOb-AKy 3AMKHEHY NOGEPXHIO OO0PIGHIOE
inmezpay 6i0 OueepzeHuii Ubo20 6eKmopy, 63amomy no o06’emy D, akui

00MedceHull Yicio noeepxHero:

¢, (@n’)ds = [[f, divddsz, (3.12)
oe T - ougpepenuian 00’°emy ¢ dekapmosiil cucmemi KOOpouHam:
dt = dédndd.
JloBeneHHS
Becb 00’eM D po3auiMMo JOMOMIXHUMHU TOBEPXHSMH Ha M YaCTUHOK
HeBEJMKUX 00’eMiB ATy, AT,,...,AT,,. i 00’eMu 0OOMEXYIOThCS 3aMKHEHUMU
noBepxHsIMHu Sy, Sy,..., Sy Bciob’emu Aty,, Ta moBepxHi Sy, MO X OTOYYIOTH,

MO>KHa pO30MTH Ha JIBa KJacu. B mepmmii kiac BKIFOYUMO Ti AT;., SIKI YaCTUHOIO
CBO€1 TIOBEpPXHI S; YTBOPIOIOTH 30BHINIHIO TIOBEPXHIO S BChoro 00’emy D. pyruii
Kiac Oyle ckiamatucsd Juie 3 TUX 00’eMiB AT;, MOBEpXHI S; SKUX - TUIBKU
JTIOTIOM1KHI.
Bcepenuni koxxHoro 06’emy At;.3adikcyemo Touky M; Ta 3anumiemo it Hel
JUBEPTEHIIIIO0 TT0JI. 32 BUSHAYEHHSAM MA€EMO:
. b (@) ds
div a|y, = lim ————.
L AT-0 Aty

3 1IbOTO PIBHSIHHS 32 BUSHAYCHHSIM MEXI1 CIIIYE:

95.155i (a:ﬁo ) ds;

. -
e = divaly, + &,

Jie & — Iesika Majia BeJIMYMHa.

OcTanHe pIBHSHHS 3aMUIIEMO THAKIIIE:

§b (@n’)ds; = divdl|y, + el (3.13)
5, (@ n si = div ad|y, + &At;. :

Sxiro 3anmucaTtu criBBigHOeHH (3.13) s Bcix m 06’ emiB Az, i = 1,2,...,m, TO

CKJIABIIIM 1X, OTPUMAEMO:
ﬁlgﬁssi (@A) ds; = Y |divdly]At + X2, & At . (3.14)

Posrnsnemo niBy yactuny piBHsAHHSA (3.14).
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[{s1 cyma mopiBHIOE JiBiM yacTuH1 piBHIHHSA (3.12), ToOTO gﬂis (E,) 7? ) ds, ne
IHTErpYBaHHS MPOBOAUTHCS TUIBKU IO 30BHIIIHIN MOBEPXHI S, KA OXOIUIIOE BECh

00’em D (puc. 3.3). JliiicHO, BCi €IeMEHTH S; APYroro Kiacy B3a€MHO 3HUILYIOTHCS.

Koxxnomy Eg 3HaANAEThCS (—Eta), i Taki mapu 3HUILYIOThCA. Bextop-QyHKuis d
BU3HAYAETHCS HA MTOBEPXHI i , MPUPOIHO, BOHA OJIHAKOBa B K-Tiii 1 B {-Tili KoMipKax
JOTIOMI>KHUX MOBEPXOHb. B ejemMeHTax mepuioro Kjiacy 3ajlvIIaThCsi TUIBKH Ti S,
K1 TOPKAIOTHCS 10 30BHIIIHBOI OBEPXHI 00’ eMy Jl, Ta He MalOTh CyCiIHIX 00’ €MiB

ATl'.

Puc. 3.3 [lo Teopemu Octporpancbkoro-I'ayca [2]

Posrasiuemo npaBy yactuHy piBHsHHS (3.14).
Hexait m » oo xomu At; = 0. Ilepmmii nogaHOK 3a BHU3HAYEHHSAM €
MOTPIMHUM 1HTErpajoM, a APYTUi JTOJAHOK — HECKIHYCHHO Majia BEJIMYMHA B

KpallHbOMY BHUIMAJIKy YETBEPTOTO MOPSAKY. TakKuM YUHOM IpaBa YaCTHHA JOPIBHIOE

[ awa e

A

[TopiBHIOOYH JIIBY Ta IPaBy YaCTUHU OTpUMAEMO piBHSAHHSA (3.12) — hopmyy
["ayca-Octporpaacekoro. CripaBeJIuBICTh ii OYEBUJIHA 3 HACTYITHUX MIPKYBaHb.

B niBifi yacTWHI BHU3HAYAIOTBCS BEKTOPHI JIiHII, IO BHHHKAKOThL abo
NOTJIMHAIOThCS BeepeauHi 00’emy D. IlpaBa yacThHa migpaxoBye CIPOMOXKHICTD
KOXXHOTO €JIEMEHTY BcepeauHi 00’emy D. BenuuuHM B JiBiM 1 mpaBiii 4yacTHHaX

(bopMyIn OJTHAKOBI.
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AnamitnyHa Qopmyna [aycca -OcTporpaichbKoro JIETKO MOXe OyTH

IIPECTABIICHA Y BUII:
#[axcos(ﬁ,/\x) + aycos(?l,/\y) + azcos(ﬁ,\z)] ds =
5

= [ll, [52 + 52 + 52| ar

Slkmo moknmactu a, = P(x,y,z), a, = Q(x,y,2), a, = R(x,y,z), ne
3amucaHi Tpu (QYHKIT HemepepBHi, AuQepeHIiioBaHi, iXHI Mepil MOXiaHi
HENEepepBHi, TO OTpUMaeMO (OpMyJly HEPETBOPEHHS IMOJABIMHOIO IHTErpansy Io
3aMKHEHIA TIOBEpPXHI B TMOTPIAHUMN, SKAW PO3MOBCIOJKEHUH IO 00’ €My,

oOMexxeHoMy 1i€l0 moBepxHewo. [lpupogHo, cmpaBemiuBe 1 OOEpHEHE

NEePETBOPEHHS (TPUBUMIPHOTO 1HTErpajy y ABOBUMIPHUI).
3.4. Jliniiinuii iHTerpaj BekTopy-¢QpyHKuii

BaxxnmuBuM eleMEHTOM JJii BHUBYCHHS BEKTOPHHUX ITONIB € TOHATTS IPO
JiHIMHUYT 1HTerpan BekTopy. Hexait 3anane nose:

a(x,y,z) = a,(x,y,2)T+ a,(x,y,2)] + a,(x,y, 2)k (3.15)
Ta npoBeaeHa diHig. Ha 11iit minii BizbMemo AB1 Touku A 1 B (puc. 3.4.). Po3ainumo

JUIISTHKY JTIiHIT B A 10 B Ha n 4acTUHOK.

¥

Puc. 3.4. 1o niniitHOrO iHTErpany Bekrop-GyHkiii [2]
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Touxku moainy mo3nauumo M;, M,,..., M,,_;. OOXia 3A1iCHIOEMO Bl TOYKU

A 1o touku B. SIkmio umcio n qocuTh BEIMKE, TO eleMeHT JiHil M;M;,; MoxxHa

pO3TIsiaaTH K MPSMOJIHIMHUN Ta onmucatu oro BekropoM M;M;,; = A_ll) Jls
KiHIeBuX To4oK A 1 B BBegemo HOBI mo3HaueHHs M, i M,,. Bcepenuni Biapizka Al;
3aikcyeMO TOUKY Ta Jjid Hel 3amuiieMo BEKTOp a;. Temep CKIageMo Cymy
CKaJISIpHUX JOOYTKIB.

i@ AL (3.16)

Binsnaunmo, mo axkmo d(x,y, z) — cunose nosie, To cyma (3.32) € pobora Ha
JUISHIN 0OpaHoi JiHiT Mk Toukamu A 1 B.

S0 301IbIIyBaTH YKCIIO MOJUIOK, TO po3Mipu Al; 3MeHIyoThea. Mexa
cymu (3.16) 3a BU3HAaUYEHHAM € JiHiliHKMI inTerpan Bekropy d(X,y, Z) B3IOBXK IiHil

AB. 3anumemo
. n—-1,— W _ — 47
lim % (ay AL) = J,,a dl . (3.16 a)
n—-oo
ko nixist AB BUSIBUTECS 3aMKHEHOI0, TOOTO TOYKa B, mepemilyounch 1o

KpUBIH BiJl TOUKHU A, 3HOBY CIiBIIaJe 3 A, TO Taka JiHis Oy/ie Ha3UBATUCS KOHTYPOM.

Interpan (3.16 a) Ha3MBaEcThCA LUPKYJIAIIEI BEKTOPY d B3A0BX KOHTYpy C mmo

IIO3HAYA€ETHCA:
¢ d.dl. (3.16 6)

SKo niHII0 MOXHA 3aJaTH BEKTOPHUM DPIBHSHHSAM, TOUYKM HA HIA OyIyTh

BU3HAYATHCS CBOIMM pajilyc-BEKTOpaMu

R =R(t). (3.17)

B 1mpomy BuNaaky eneMeHT JdiHil dl cnismage 3 BEKTOPOM dR, sikuit
HampaBjeHuil 1o naoTu4uHi 70 Tomorpady (3.17). OTxe BipHO dl =dR Ta
J,@.dl).

SIKII0 BEKTOp d MpecTaBlIeHuii SK y Bupasi (3.15), T0 BeKTop

dl =dR =dxi+ dyj+ dzk

1 miHiHW] 1HTerpan (3.16 a) 3amuIIeThcsl TAKUM YHHOM:
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Jig@adl) = [,,@dR) = [ (aydx + a,dy + a,dz). (3.18)
B nekapToBiil cucTeMi KOOpAMHAT OOYMCIEHHS JIHIMHOTO 1HTErpaty
BekTOpY-(PyHKIIii (3.16 a) 3BOAUTHCA JO OOYMCIICHHS KPHUBOJIHIMHOTO 1HTErpaty

ckasipuoi ¢pynukii (3.18) [1, 2, 6].

BracTiBOCTI JIHIWHOTO 1HTErPAITY

1. Ilpu 3MiHI HampsIMKy I1HTErpyBaHHsA B3I0BX JiHIi AB Ha 3BOpOTHIii

1HTErpaj 3MIHIOE TUIbKHU 3HAK:

fAB(é’, dl) = -fBA(ﬁ, dl). (3.19)
2. Hexait Ha mmsxy iHterpyBaHHs 3adikcoBana Ttouka D (puc. 3.5), Tomi

CIIpaBEIJINBO

Jus @ dD) = f,, @ dD) + [, @ dl). (3.20)

A

Puc. 3.5 Jlo BnacTuBOCTEH JiHIHHOTO iHTErpany [2]

L{s B1acTUBICTD € CIIPaBEAJUBOIO 1 y BUINAJKY, KO Touka D nmepelyBae 3a

MeXaMU BIJPI3Ky iHTerpyBaHHs. B nboMy Bunaaxy ninsiuka BD npoxoauTtbes Bidi

. . — 2, — 2 .

B MPOTHJISKHUX HAmpsMkax i interpamu [, (3, dl) ta [ (3 dl) npu nonasammi
B3a€MHO 3HUIIYIOTHCS.

3. JliHifiHUH IHTETpall 3aJICKUTh SK BiJl MOJOXKEHHS JIBOX KIHIIEBUX TOYOK,

TakK 1 BiJl BUY IUIIXY.
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Posrissnemo piBHsHH: (3.18). Skio 3miHuaacs ¢popMa Isaxy, T0 GyHKIT
a,(x,y,2), a,(x,y,2z) Taa,(x,y,z) cranyTh iHmUMHU. BOHM i 3MiHATH 3HAYEHHA
inTerpany. Ciig Bii3HAYKTH, IO ICHYIOTH TaKKM BEKTOPHI 110Js d (X, Y, Z), IS AKUX
JIHIMHUN 1HTErpajl HEe 3aJeXUTh B BHJAY IUISIXY, a BHU3HAYAETHCS JIUIIIC
ITOJIO’KEHHSIM KIHIIEBUX TOYOK. AJjie IIe B)KE€ BJIACTHBICTH IO, a HE JIHIHHOIO
1HTerpay.

3anaya
T+

OOYHCINTH HUPKYJALII0 BEKTOPY P=— 7 B3/I0BXK KOHTYDY €JIiICy

N R
N R

3 MIBBICAMH d 1 8 B HAIPSIMKY HAaHKOpOTIIOro noBopoTy Bij oci OX 1o oci OY.

Bua koHTYpy Ta HanmpsIMOK TIEPEMIIIICHHS I03BOJISIIOTH 3aIIMCaTH PIBHIHHS
SITINCY B MapaMeTpuuHii popMmi: x = acost; y = bsint
Ta BEKTOPHIN (opMi: R = acosti+ bsin t J. 3anumemo audepeHiian paaiyc-
BEKTOPY
dR = (—asinti+ b cos tj)dt.
Sxmo Touka Ha emnci pyxaerbes Big oci OX mgo oci OY Tta pgam mpoTH

TOJIMHHUKOBOI CTPUIKH, TO MapaMmeTp t 3miHroeThes Bif 0 10 2. BuxigHuii BEKTOp

P mae Bun:

N 1
P = _Eb sintf+za cost].

3anuieMo MUPKYJISIio BEKTOPY P:

2T

— - - 1
jg (P,df)=j€ (P,dR)=§f(absin2t+abcoszt)dt =
C C
0

_l 21 .2 2 _l 21 _
=-J, ab(sin®t+ cos®t)dt = - [ ab dt=mab.
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3.5. upkyasuisi BeKTOPY N0 KOHTYPY HeCKiHYE€HHO MAJIOl IJIOIIAIKH

Hexaii 3aiane nose Bekropy [2]:

a(x,y,z) = a,(x,y,2)T+ a,(x,y,2)] + a,(x,y, Z)rc (3.21)

B npomy modi 3akpinumo Touky M (x,y, z) Ta mpoBeneMo Yepe3 Hel IUIOIIHHY
JOBUIBHOTO TTOJIOXKEHHS. B AaHiif miomuyHi HaBKoJIO TOYKW M yTBOPUMO 3aMKHEHHIMA
KOHTYp Ta 00epeMo HampsiIMOK 00X01y KOHTYpY. OOUHCINMO HUPKYJIISIII0 BEKTOPY

d B3moBx kKoutypy C (puc. 3.6 ):

$. (@dl)=[. aydx + [, aydy+ [. a,dz.

Z)j

> Y

Puc. 3.6 ITone BexTopy

Po3riissHeMO  OOYHCIICHHS  JIOJAHKY f c Ox (x,y,z)dx. IliginTerpaapHa

GbyHK1Is Mae OyTH BU3HAUYE€HA HA KPUBOJIIHIHHOMY KOHTYpI. B 1IbOMy KOHKpETHOMY
Bunaaky 3adikcoBana Touka M(x,y,z). TumyacoBo 3poOMMO TapaneabHHIA

NEePEHOC CHCTEMH KoopanHaT B Touky M. Toni koopauHatu 1iei Touku - M (0,0, 0),
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a BCix morouHux Todok Ha KoHTypi C - K(x,y,z). ®yukuio a,(x,y,z) tpebda

MIPEJCTABUTH B YCIX MOTOYHUX TOUKaX KOHTYpY. Po3kiagemo 1i B psi:

a,(x,y,z) = a,(0,0,0) + (aa") x + (Z—?‘)O y + (%)o zZ+e¢. (3.22)

B npoMy piBHSIHHI YacTKOBI MOXiJHI MalOTh OyTH BHU3HAYCHI B LEHTPaIbHIN

touri M (0, 0,0). 3anumemo

$. ax(x,y,2) dx=(ay)o $, dx+(aax)ogﬁc xdx+( ) $. ydx +

dax
(%)0 §. zdx +§, edx. (3.23)

Po3risitHeMO KOXKHUI 3 IHTETrpasliB paBol yacTHHU BUpasy (3.23).

1. [Tokaxxemo, 110 gﬁc dx = 0. J[iiicno, Ha koHTypi C 3aKpinumo
HOCIIOBHICTE TO4OK Ko, Ky, K, ... Kj_4, K. IlouaTKkoBa Ta KiHIIEBA TOUKU CIIIBIIAJI.

IlyM TOUKaM BIANOBIAAIOTE MOCHIAOBHOCTI Xg, X1, X5 ... X1, Xp. Toni
— i -1 _
$. dx = nl_l}lgloo Y Ax; = (g —xg) + (o —x1) + (x5 —x3) + -+ (xg —

Xn-1) = 0.
2. Tloxaxkemo, 110 ¥ APYTHid IHTErpai JOPIBHIOE HYIIO. 3aMHUIIEMO

n-1

jé xdx = lim X, Ax;.
n—oo
C i=1

B ocraHHbOMY pIBHSIHHI X; JedKa Touka X; < X; < X;,1. llepenumemo
MEXOBUH MEPexXia ABIUL: Xy = X; 1 X; = X;41. OTpuMaemMo

. xdx = hm I xidxyta . xdx = 11m L1 Ax;.

CkJ1a1eMO HOWIEHHO 111 CITIBBIIHOIIEHHS

— 1i n-1 — i n—1 —
2¢, xdx = ,{ggo 2ic1 (xip1 +x)Ax; = 11113;10 Yict (i1 + %) (K41 — %) =
: n—1(,.2 2

lim R (xfyy — %),
n—-oo

PoznuiiieMo nociiJoBHO OTpUMaHUM pe3yIbTarT
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2§ﬁc xdx =2 —x3)+ 2 —x)+x:—x)++xE—x:_) =0.

3. O6uncIuMO gﬁc y dx. B miginterpanbHiil QyHKIIT TIIBKU Bl 3MIHHI
X 1Y. le nae miacraBy crnpoektyBaTu KoHTyp C Ha mionuny XOY Ta po3risaatu
UPKYJSALi0 10 KOHTYpY C,. Pucynok (puc. 3.7 ) € npoekuisa koutypy C, Touka M,
— TpoeKiiss ToYku M, 3po0iieHO mapaneiabHUN MEePEeHOC CHCTEMH KOOpAHMHAT.

JoBenemo, 110

$. ydx = gﬁcz ydx = —AS,.
B naHoMy piBHsAHHI —AS, — mioma, mo 0OMekKeHa 3aMKHEHHM KOHTYpoM C,.

MosxHa 3anucatu

$, ydx = lim 7L, y;Ax;.

Bics OX (puc. 3.7) po3aiaumMo Ha N YaCTUHOK Ta OTPUMAEMO N cMyT. byaemo
pO3IJISIIaTA CMYTH B KOXHIM YUBEpTI KOOpJAUHATHOI cucTemMu. [loOyTok y;Ax; — 1e
ioma cMy>Xku. O1Ha Meka KOKHO1 CMY>KKH 1€ Bick OX, 1HIIA Mexa — KOHTYp C,.
[ToTouHa ToYKa MepeMIlLy€eThCs IO KOHTYpY Bix oci OX B ctopony oci OY ta mami
no koxy. B mepuriit 1 apyriit uBeptsax y; > 0, ane Ax; < 0, omxke, y;Ax; < 0. B
TpETiil 1 YeTBepTi 4BEpTSIX — HaBMaku. B koxHiN cmyxii y; < 0, ane Ax; > 0.

BianosinHo, y;Ax; < 0. Takum 4nHOM, CyMapHa 1uioia S, Mae BiJl’€MHUMN 3HAK.

Puc.3.7 Jlo obuncenni interpany §, y dx [2]
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4. AHaNoOriYyHO MO’KHA JIOBECTH, III0 gﬁc zdx = —AS,, ne C, MIPOCKIIiS
y

koHTypy C Ha mnomuny XOZ, AS,, — noma, mo 0OMeXeHa 3aMKHEHMM KOHTYPOM
Cy.

5. HeBaxko mokazaTu, 1110 gﬁc edx = & — HECKIHUCHHO Majia MOPSAKY
BHUIIIE JPYTOTO.

[TinBoasIuM MiACYMKHA MOYKHA 3aIIMCaTH

$. adx=— ("a‘;’“) AS, + (aax) AS, + ;.

[To anasnorii, MpoOBOJIIYN KPYTOBY MEPECTAHOBKY JITEpP X, Y, Z, X***, OTPUMAEMO

aay

6. aydy =—( az) AS, + (a“y) AS, + &,
$. a,dz=— ("’aix) AS, + ("“2) AS, + &.

CkJ1aBIIY MTOWICHHO 111 TPU PIBHSHHS, OTPUMAEMO ITyKaHY HUPKYJIAIIIO
g ddl= (%) = (52),Jas+ [(52), - (52),Jasy +[(52), -

a“x ]AS te.

Q

Beenemo HopManbHMi opT 71° o mromueEkd AS. BiH y3romkeHmit 3
HanpssMKoM 00xoy KoHTypY C 3a npaBUIOM IPaBOIBUHTOBOI CUCTEMHU KOOPAUHAT.
Tom MoKHa 3anucaT

AS, = AS cos(nx); AS, = AScos(ny); AS, = AS cos(nz).

B momanemioMy Oymemo omyckatd cuMBOI (), Ta BBaKaTH, IO IOXIiIHI

CKJIaIOBUX BCKTOPY BiI[HOCHTBCH a0 ]_IeHTpaJ'II)HOI TOYKH, sSdKa B3i4Ta AJII BUBUCHHA

OJIS:
9 ddl = [(16;2)0 B (%) ] cos(nx) + [(aaazx)o B (%)0] cos(ny) +
[(%)O - (a%)o cos(ﬁ?)] AS + &. (3.24)
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3.6. Porop BekTOpY

[To6ymyemo B Toumi M(x, y, z) qomoMixkauit Bektop W, Takuii, 11106 mpoeKiiii
Ha KOOPJMHATHI 01 OyJIK PiBHI BEIMYMHAM, 1[0 CTOSATH B KPYTJIUX JY>KKaX PIBHSHHS

(3.24):

W, = 9z _%ay, _ dax _ 0ag, _day  9ay,
X dy oz’ y 0z ax ’ z dx oy’
W =W+ Wyf+ W, k. (3.25)

Hassemo 11eii BekTop BuxpoBuM B Toulli M (x,y, z) abo BUXOpOM BEKTODPY d

ta nosnauumo W = rot a (rotation, curl)

o . o ddl
rot, a=lim 3.26
T As-0  AS (3.26)
- . C_idi) —
rot d = max lim Js 7 (3.27)
AS—>0 AS
5 . 955 axds
rota = — lim (3.28)
AV -0 AV

Pomopom Qyukuii € eexkmop, HOPpMANbHI CKIAO0BI AKO20 6 KOHmMYpI
(nosepxnsa AS) Oopienioe medxnci GIOHOWIEHHA WUDPKYIAAUIL 6EeKMOPA 630064C
3amkuymozo koumypy C, wo oomexcye naowadoky AS 0o eenuuunu uyici

eeMeHmapHoi oW aoKu, AKWO0 OCMAHHA NPAMYE 00 HYJIA.

3a Bu3HaueHHsM 3 piBHIHHSA (3.27) ciigye, M0 POTOP BEKTOPY € BEKTOP, IO
BU3HAYAETHCS K MaKCUMaJIbHE 3HAYCHHS MEXKI BiHOIICHHS IHUPKYJIAIIl BEKTOPY
1o KoHTYpYy C, 110 00MeXKy€ 3aMKHEHY TUIOIIAIKY, JIO TUIONII i€l MIOMIAKU, SIKIIIO

ocTaHHs IpsMye 10 Hyss. PoTop criBnamae 3 HopMasuto o miomt AS [2, 3, 5].

3 pisasuas (3.28) poTop BEKTOPY d BM3HAYAETHCH AK MEXKa BiJHOIICHHS
MOBEPXHEBOTO IHTETPAy TAaHTCHINAIBHUX CKJIAJOBUX JI0 BEJIMYMHU 00’ eMy V,

0OMEKEHOTO JaHO0 MOBEPXHEIO, SKILO OCTAHHIN MPAMYE 10 HYJIA.
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Bupa3 poropy B cuMBoOJIiuYHii opmi

Hexaii 3agane moje BeKTopy d. 3anuiieMo GopMyIy BUXOPY OO OIS Yepe3

orepaTop «Halja» Ta 3aJaHuil BEKTOp d.

W= ot d = da, Oda,, %+(6ax aaz>q+ da, Oa, .
—rora= dy 0z l 9z ox /)’ ox oy )"’

[MopiBusHHS UX GopMyt okasye, mo [1-3, 6, 7]

I J k
W=rota=[Vxal={Z 2 2| (3.29)

x y z

Ay Ay Q

Hexaii 3anana BekTop-QyHKIis d = a,l + a,j + a, k. TIpUIyCTUMO, 0 /s
I[LOTO MOJISl MOYKHA 3HAUTH THITY (QYHKIIIIO b= byl + byJ + bZE, TOJI1 CIIpaBe/INBE
CriBBiAHOIEHHS & = T0t b. BekTop d Ha3MBAETHCA MOJIEM BUXODIB BekTopy b. Jlis
TAKOT'O TIOJIS 3aBXKM CIIPaBeJIMBa TOTOXKHICTh

divd = divroth = 0. (3.30)

[{ro TeopeMy JieTKo niepeBipuTH Oe3nocepeiHiM oouuncieHHsM. Hexali rot b =

W. 3HaneMo

W=z 0y by 0b . _0by_ ob

X 9y oz’ y 0z ax ’ z ox ay’

. . T 0w, ow, ow, . o
Ockinbku div W= axx + ayy + azz’ HEOOXiHO 3HANTH

oW, _ 98%*pb, 0°by, OW,  9%b, 8%b, 0w, _ 0°by, 9%b,
dx  90xdy 0xdz’ 9y  9ydz dydx’ 8z  0zdx 9zdy

CyMa nux 1oAaHKiB JOPIBHIOE HYJI0. ToMy TOTOXHICTH (3.30) noBeneHa.
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3.7 Teopema CToKca

[upkysiiss BEKTOPY MO B3I0BK 3aMKHEHOT'O KOHTYPY JOPIBHIOE MOTOKY

poTOpa IILOT0 BEKTOPY Yepe3 MOBEPXHIO, 0 CIIUPAETLCS Ha el KoHTyp [1-3,5, 7].

—_—

§ ddl= [, rotdds. (3.31)

Lls Teopema cnpaBenIiBa 3a YMOBH KIHIIEBOCTI Ta HEMEPEPBHOCTI BEKTOPY
10JISL Pa30M 31 CBOIMHM MEPIIUMHU MTOXITHUMH Ha MOBEPXHI S, BKIIIOUa0UU KOHTYD L.

To0TO MoBepxHs MOXKE OyTH Pi3HOIO, a PE3yJIbTAT BCE OJIHO TOM CaMHU.
JloBeneHHs:

Hexait moBepxast S oxomieHa koHTypoMm [. Po3i6’emo mmomy S Ha
eJIEeMEHTapHI IIONUHKHA. KUTbKICTh pO30UTTIB 00€peMO TaKUM YMHOM, 100 KOHTYP
[ 6yB ommcanuii 3 OyJb-IKOIO Hamepes 3aJaHor0 TouHicTio. O0Xia BuOEpemMo 1o
XOlly TOAVMHHUKOBOI CTpUIKH. Po3rissHeMO OKpeMo 1-THMl KOHTYp. 3TiJHO

BU3HAYECHHS poTOpa Oy/IeMO MaTu

¢ a@dl=rotads,=¢ a dl.

1

3poOuMO MiACyMyBaHHS JIIBOi Ta IPABOi YACTUH PIBHSIHHS Ta PO3MOBCIOIUMO

PE3yJIbTaT Ha BCIO MOBEPXHIO.
N = lim ¥, rotdds, = [, rotdds.
n—-oo
OGUUCIMMO APYTy TPAHUYHY MEKY
n
lim ng ddl = jﬂ adl.
n—-oo
=1y l

CrnpaBemMBICTh OCTAaHHBOTO PIBHSHHS MIATBEPIKYETbCS THUM, L0 TMpHU
OOYHMCIICHH] UPKYJIAIIT B3I0BXK €JIEMEHTAPHUX IUIONIMHOK S; CKIIAJ0B1 1HTETpaTy

Ha JUISTHKaX, 10 NEePEeKPUBAIOTHCS, KOMIIEHCYIOTHCS Y 3B’SI3KY 3 MPOTUIICKHUMU
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nusIXaMu 00X0Jy HECKOMITIEHCOBAaHUMHU 3JIMINAIOTHCS TIIbKH 30BHIIIHI JUISTHKA
KOHTYpy. IlpupiBHIOIOYHM JBa OCTaHHIX PIBHSHHS, BIICBHIOEMOCS, IO TeopeMa

JOBCJICHA.

Teopema Ctokca npezcTaBiise co00I0 TOTOXKHE MAaTEMAaTUYHE TIEPETBOPEHHS
IHTEeTpalTy 10 3aMKHEHOMY KOHTYPY B TOBEpXHEBH IHTETPAI, sIKa CITPaBEITUBA TSI
JOBUIBHOTO BEKTOpa, KIHIIEBOIO Ta HEMEPEpBHOTO Ha 3aJaHiil MOBEpXHI S,
BKJTFOYAI0YM KOHTYP [ pa3oM 31 CBOIMHU NEpIIUMH MOXiTHAMHU. B MaTemaTudHOMY

aHaJTi31 BOHA BijioMa 111 Ha3Boto popmyiia CTokca, sika BUPaKa€ThCsl TAKUM YHHOM:

SAxmo P=P(X, Y, 2), Q=Q(X, y, z) i R=R(X,y,z), sKi € HellepepBHUMHU KiHIIEBUMH

pa3oM 31 CBOIMH MEPUIMMU MOXITHUMH, TO CIIPABEIIIUBO:

¢ [Pdx + Qdy + Rdz] == [[, [(Z—i — 2—5) dxdy + (g—i — ?3_3) dydz + (Z_IZ’ _

) dxdz|. (3.32)
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4. CUMBOJIIYHI METOAU

4.1 Onepartop I'amisibToHA. BekTOpHI 1udepennianbHi onepanii Apyroro

nopsiaky. IlpocropoBi moxiani Bix 100yTKYy.
v (HabJ1a) — CHMBOJIIYHUI oItepaTop 31 CKIaIOBUMU 110 ocsiM [1-3, 5]:

(4.1)

d > Jd > J 7
V—alﬂ‘a]ﬂ-ak

[le ananor oneparopa AUQEPEHIIIIOBAHHS B 3BUYAHOMY aHaji3. MHOXEHHS

orneparopa ['aMuUTbTOHAa Ha CKaJspHUIl a00 BEKTOPHUN NOOYTOK (PYHKIII TOYKH

BHU3HAYa€ IIPOCTOPOBC ,ZII/I(i)epeHHiIOBaHHH.

Bupasu ocHOBHUX audepeHIlialbHIX Omepalliii BEKTOPHOTO aHaii3dy uepes

oneparop ['aminbTOHA 3/11MCHIOETHCSA 3a MPABUJIAMU BEKTOPHO1 alreopu

1. V(pz(a—?+—]+%l_c))<p— +a—(p* <pk grad .
V(p = grad ¢ (4.2)
2. Vd=V,a,+ Vya, +V,a, = a‘;" + —y + = divd.
Vi = divd (4.3)
L R
3. Vxa=|v, Vv, V,|= = a—=r0t&.
x 9y
Qe Ay Az] |a, a, a
V X d = rotd. (4.4)

4. T'pami€eHT BEKTOPHOTO TOJISI BUPAKAETHCS YEpe3 OmepaTop Habia HACTYITHUM

YHUHOM:

3
S

(4.5)

(&V)B = (a'grad )b =

3}
Qy
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4.2. BexTopHi 1udepeHuianbHi onepamii Apyroro poay

B Tteopii mons BenMke 3HAYEHHS MalOTh OOUYMCIICHHS BEKTOPHHUX OIeparlii
nudepeHiioBadls apyroro poay [2]. Jo mporo kiacy BIAHOCATHCSA HACTYIIHI
orepartii:

rot(grady);
div (rota);
rot rota;
grad div d.

[Ipu ix 064YKCNIEeHHI 3pyYHO BUKOPHUCTOBYBATHU V. [Ipu oMy Mae micue
HACTYITHE TIPABUJIIO:

Sxuio y Bupas, sSkuil miaisrae TudepeHIitoBaHHIO, BXOJUTh OJUH €IUHUN
JIHACHUN cKaligp a00 BEKTOp, TO 3acTocyBaHHS V Ta nU(]eEepeHLitOBaHHS BUpPA3iB
3JIIACHIOETHCS 3a IPaBUJIaMU BEKTOPHOI anreOpH.

1.rot grad ¢ = V x (V(p)ZO, (4.6)
To6To porop grad TOBiIIBHOTO CKaJIsipa TOTOXKHO JOPIBHIOE HYJIIO.

BurkoHaeMO 1110 OTeparliro B IeKapTOBUX KOOPIWHATAX
do, 0
rot grad ¢ = rot (—xl +— +—k)
0’ 0@\, (0%¢ 3¢\,
= — L+ — J+
0zdy 0zdy 0x0z 0x0z

62 62 -
+(o2-2L)k=0.
0x0y 0x0y

2.divrotd=V(Vxd)=0. 4.7)

O06UYHCITIOEMO 110 OTIEPALLII0 B IEKAPTOBUX KOOPANHATAX.

/ 3 = divi(C% — 297 4 (2% _ 99y % _ Oamyp
divrota = dlv[(ay aZ)l + (ay 5 )] + (az Yk =

ay
__ 0 ,0a, Oay 0 ,0a, Oay d ,0ay 0da,
= G =T+ G- (G- 5
dx* dy 0z dy ~dy 0z 0z ~ 0z dy
_62ax azay azay azaz

- dy? 0x0y d0z2 0z0y
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_ 0%, 9%a, 0%a, 0%a, 9%a, _ 0%ay

_axay dx0y dydz  0x0y 0z0x 0z0y

3. CxanspHUii namiacian
div grad ¢ = V(Vo) = (W)p = V2p=Agp (4.8)
div grad ¢ = Ag.
— 62 62 62
A= VV=V, Ve + V) Vy +V,V,= =+ =+~
SIKI0 MU 3acTOCYEMO JTaruiaciad 10 ckaiusipHoi GyHkii Touku U(M), To

0%U . 0%U . 9%U
AU = .
a) u 6x2.+-6y2-+ 0z2

ou 1 92U = 92U )
— HWIIHAPUYHA CUCTEMA KOOPAUHAT

10
6)AU =22 (r57 2302 T o2

or
0 ou 1 U . ,0U 1 d%U
B) A ———(R—) —_— — WYH
) u [aR OR +-ﬂn0 00 sint 00 +sinzea(pz C@Gp a

CUCTEMA KOOPpJAHUHAT.

IaBapianTHEe BU3HAYEHHS ornieparopa Jlaruiaca

- > 6U —>
$. gradudS )
div grad U = lim *—— = lim =92 (4.9)
AV -0 AV AV—0 AV
U , =
¢ =—dS
r)AU = lim =92— (4.10)
AV-0 AV
4. BekTopHHUI JlanaciaH
a) d = A(a,l+ayj+ask) = Aa,i+Aa,j+Aa,k. (4.11)
BekTopHHM JlalljiaciaH — reoMeTpHUYHa CyMa JiallJlaciaHiB B CKJa/i:
y
0%a 0%a 0%a
Aax — x_I_ x_I_ X .

0x2 dy? 0z2’

0%a 9%a 0%a
— Yy y Y.
Aay_az+y+62’

0%a, 0%a, 0%
+—2+—2
d0x? dy? 0z*

Aa, =

N 0%d . 9%a , o0%a
0) Aa = P + 372 + Py
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5.rotrotd =V X (6 X a). (4.12)
Po3kpuemo #oro 3a mpaBUIOM MOABIHHOTO BEKTOPHOTO JO0YTKY:
XX (yx2)=y(-Z)—Z(X"y).
B)rotrotd =V x (Vx d) = V(Vd) — V?d = grad divd — Ad
rotrotd =V X (V X @) = grad divd — Ad. (4.13)
r) Ad = grad divd — rot rot d. (4.14)

Ocrtanns (hopmysia npencTaBiisgie cOO00 1HBapiaHT BEKTOPHOIO JariaciaHa.

4.3 IIpocTopoBi MoXiHi Big 100yTKY CKAISAPHUX i BEKTOPHUX (PYHKIIIIA.

Taxi onepaiiii 3aCTOCOBYIOThCS, SIK IPaBUIIO, 3a JOIIOMOIOI0 OIlepaTopy Hala.
[Ipu uboMy A1IOTH HACTYIIHI IpaBUJIA: SKILO B PIBHSAHHI, 10 SKOTO 3aCTOCOBYETHCS
oneparop V, BXOAWUTHh JAEKUIbKAa MIMCHUX CKAISPHUX a00 BEKTOPHHX (PYHKIIIH,
nanpukian, (X,Y,Z), To onepatop V 3aCTOCOBYETHCS 10 KOKHOI 3 IUX (PYHKIIIH Ta

pe3yJIbTaTH 3aCTOCYBaHHS CKJIaaloThes [2]:
VX, Y,2) =V(X,Y,2) +V(X,Y,2) + V(X,Y,Z)

[Ticnst 11pbOTO OTpUMaHE PIBHSIHHS MEPETBOPIOETHCS 3a MPABUIIOM BEKTOPHOI
anreOpy TaKUM YHHOM, 11100 IMICJIsI oniepaTopa «Habmay cTosiia PyHKIIis, 10 K01 BIH

34aCTOCOBY€ETLCA.

Kopucryrouncs nmpaBuiioM, MOKHa BUKOHATH IIICTh OCHOBHHMX OTIEepalliid HaJ

CKaJISIpHUMU Ta BEKTOPHUMU GyHKIISIMH. Po3risiHeMo ix:

1. grad (py) = V(py) = V(@ ) + (9, ) = Y (Vo) + o(Vy) =
ygrade + egrady, (4.15)
2. div(p - d) = V(pd) = V(pd) + V((pé) = (V(p)& + QD(V&) =

graded + ¢ - diva
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div(e - d) = grade - d + ¢ - divd. (4.16)

. rot (p-d) =V X (pd) =V x (¢pd) +V x (pd) = (Vo) xd+ ¢
(Vxd)=gradp xd+ ¢ -rotd

rot (p-d) = grade X d + ¢ - rotd. (4.17)
 div(@xB)=V(axb)=V(@xb)+V(axb)=5xa)-
d(Vxd) =b-rotd — d-roth (MpH WHOMY 3aCTOCOBYETHCS MPABHITO
KPYTOBOI [IEPECTAHOBKH BEKTOPIB)

div(d x b) = b - rotd — @ - rotb. (4.18

. grad (d-b) =V(d-b) =V(d-b) +V(a-b)

V(d-b), wis TuyMaueHHS MO0 BHPA3y POSIIAHEMO HACTYIIHE
BIJIHOIIICHHS

bx(axV)=V(b-d)—d(b-V)=ix Fx2)=y&E 7) -2
) =V(a-b) — (b-V)d, roni

dx(Vxb)=V(d-b)—b(@ V)=v(a-b)—(a- V)b, roni

=(b-V)d+(@a-V)b+bx (Vxad)+dx(Vxb)
(bgrad)d + (dgrad)b + b x rotd + d x roth
crot(@xb)=Vx(dxb)=Vx (dxb)+Vx(dxDh)
Vx(@xb)=ad(V-b)—b(V-d)=(b-V)da—b(V-ad)
Vx(ixb)=ad(V-b)—(d V)b
rot(@xb)=(b-V)a—(a-V)b-b(V-d)+ad(V-b) =

(Bgrad)& — (dgrad)b — b - divd + @ - divb (4.20)
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5. POPMYVYJIA I'PITHA

5.1. InTerpajibHi cniBBiIHOIIEHHSI B BEKTOPHOMY MOJIi

Teopema [Ipina. Bona 1nerko oTpuMyeTbcsi 3 Teopemu [ayca-

Octporpajcekoro [2, 3, 7]
J, dva@dv =4§ d-dS (5.1)
ByeMo BpaxoByBaTH, 110 BEKTOP d MOXe OyTH IpeICTaBIeHHMI:
a = wgradg, (5.2)

Jie W1 @ — KIHIIEB1 Ta HeNepepBHI QYHKIIT, BKIIOYAIOUYH iXH1 EPIIi Ta APYT1 MOXIJIHI.
Kopucryrouncs Teopemoro I'aycca — OCTporpaichbKoro, BApasuMo BEKTOP d 4epes

3aMIHY:
a = wgradg.
Toni 6ynemo Matu:

div d = div (ygrade) = grady- grade + v divgrade = yAe +
grady- grade. (5.3)

[IpencraBuMO BEKTOP d Y BUTJISII:

N d
i = ygrade =y 6.

an = l//a
[TincraBumo (3) 1 (4) B hopmyiy (1) Ta oTprumaemo:

d
J, lybe + grady- gradeldV = ¢, 1//% ds. (5.5)

OcTanHi# 1HTErpajl HOCUTH Ha3BY mepioi popmynu ['piHa.
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Hexau tenep
a= egrady. (5.6)

3a aHajorier 0yJ1eMoO MaTH:

d
J, loAy + grade - gradyldV = §, goﬁdS. (5.7)

OO6uncuMo pi3HUIlHo piBHIHE (5) 1 (7):

_ dp oy
J, lubg —gnyldv = § [y52— p37]ds. (538)

OctanHe PIBHAHHS HOCHUTHh Ha3By Jnpyroi ¢opmynu I'pina. Ilepma i gpyra
dbopMmynu - 1e CyKymHICTh Teopemu ['piHa. B 1upomy Bumanky OepyTh TpH
MOBEPXHEBUX IHTETpAIM Ta JOJATHOK BBAXKAETHCS 30BHINIHS TIOBEPXHSI.

OcoOnuBuUii IHTEpEC MPEICTABIIAIOTH IBa BUTIAKU.

1. w = const, Toal oOuaB1 PopMyJIH NAIOTh HACTYITHUN PE3yJIbTAT
A%
PiBusaast (5.9) nae MOXJIMBICTR OTpUMATU HE3AJICKHE I1HBapiaHTHE
BU3HAYCHHS CKaJspHOro Jjaruiaciany. Hexail moBepxHs S oxommoe 06’em V.

Bbynemo BBaxatu, 1mo AV — aGconoTHO Manuii 00’eM, Toal Ap = const.

B takomy Bunanky piBHAHHS (5.9) HaOye BUMIISIAY:
Mg f, dV = [, ApdV =ApAV = § 2Lds.
[Tepexoasiun 10 KiHIIEBHX BIAHOIICHB, OTPUMAEMO:

_ o § Geas
A(p—Al]lfr_I)lo o (5.10)

Ocrtanns hopmysia € iHBapiaHTHUM BU3HAUYECHHSIM CKaJISIPHOTO JIarjlaciaHy.

2. @ = w. B upomy Bunajaky nepuia ¢popmyna ['pina n1ae Takuid pe3ynbTar:

0
J, loAg + (grade)?]av = ¢ p==ds. (5.11)
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5.2 O0’eMHuii iIHTErpaJ BiJ rpagieHTy

J, gradp dv =¢, @dS. (5.12a)
[ToMHOXXHMMO JIIBY Ta IpaBy YacCTHMHU OCTaHHbOI (OPMYJIM Ha TMOCTIMHHI
BEKTOP C.
¢f, gradp dv =c§, @dS (5.12)

Ta PpO3rJEITHCMO BHUPA3:

o ds =4, (pd)dsS.

3a Teopemoto ["aycca-OcTtporpaacskoro Oy1eMo MaTu:

J, div(pd)dV = [, [grad(ec) + ¢ - divcldV,
npore ¢ = const, Bignosigno divc = 0, i Toxi

J, div(pd)dV = [, gradp-cdV =< [, gradpadV.

Takum unHOM, popmyina (12) noBenena. Bona Mmoke OyTu 1noksiajeHa B OCHOBY
HOBOT'O 1HBapiaHTHOTO BU3HAYCHHS I'PAJIIEHTY Yepe3 MOBEPXHEBUH iHTerpan. Hexai
AV Taxke, mo grad@ = const, Toni

J, gradepdV = grade [, dV = gradpAV = §, @dS.

[TominuBiy oOMIBI YaCTUHU OCTAaHHBLOTO PIBHSHHS_HAa AV Ta mepexonsyu 1o
BU3HAYCHUX MEXK, OTPUMAEMO:

grade = lim M, (5.13)

AV—0 AV

5.3 O0’emHuuii inTerpaJ Bia poropa

HloBeaemo teopemy [2]:
f, rotddv =—¢, dxds (5.14)

sKa Ja€ 3B’ 30K 00’ €MHOTO0 1HTETpaity B 00’emi V, o oOMexeHui moBepxHewo S, 3

IOBCPXHCBUM iHTGFpaHOM TaHFCHHiaJIBHI/IX CKJIaJOBHX. I[JI}I AOBCACHHSA TCOPEMHU,
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110 BUpakeHa piBHIHHAM (14), TOMHOXXHUMO ii IpaBy Ta JIIBY YaCTUHH Ha IOCTIHHUN
BEKTOP C.
¢f, rotadv =[ ¢-rotdadV =[ div(dxc)adv.
Po3srimgaemo HacTynHuil BUpas:
div(a X ¢) = ¢-rota — a - rotc.

Toni 3a Teopemoro ["aycca-OcTporpaacbkoro

. > > - > = >0 > =4 - - =g
J, div@x&dv =¢ (@xE)dS=—¢ é(dxdS)=~C¢ dxds.
SIKIIO CKOPOTUTHU Ha HMOCTIMHMI BEKTOP €, TO OTPUMAEMO
- - =4 o
fv rotadV = — gﬁs d X dS, mo i Tpeba J0BECTH.
s popmyna moxxke OyTH NOKJIaJeHAa B OCHOBY 1HBAapiaHTHOTO BH3HAYECHHS
pOTOpa yepes3 MOBEPXHEBUI 1HTErpall TAHTCHIIAIBHUX CKIAJOBUX.
Po3rissHeMo Manuii eneMeHT 00’eMa V', B Mexkax SIKOrO MU MOXKEMO BBaXKaTH
rot a noctiituum. Tomi
- - - = o
J, rot@dv =rotad |, dV =rotdAV = —¢ dxds.
[ToninmuBimM octaHHe piBHAHHA Ha AV, Ta mnepexonsyud a0 MEXOBUX

cniBBiiHOWEHb Ipu AV — 0, oTpumaemo

rotda = — lim M. (5.15)
AV—0 AV
Bupa3 (15) ue 00’eMHuii iHTETpaJI BT POTOPY.
5.4 InTerpaJ no 3aMKHEHOMY KOHTYPY BiJ CKAJISIPY
$ o dl = — Jo grade x ds. (5.16)

[TOMHOYHMO IIPaBY i JIiBy YaCTUHU PiBHAHHS Ha MOCTIAHUIA BEKTOP C.

¢4 (p-dfzgjil (p-3)dl.
Posrnsnemo,
rot(e-c) = grade X ¢+ ¢ - rot¢ = grade X C.
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3acTocyeMo 10 OCTaHHBOTO iHTerpany Teopemy Crokca [1-3]:

J, (0~ &)dl = J; rot(e- A)dS = J; (grade x A)dS = — [, ¢(grade x
ds) = ~C [, gradg x ds.

CKOpOYyI04d Ha BEKTOP C, OTPHMAEMO:

$ o dl = — J; grade x dS, wo i TpeGa noBeCTH.
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6. MIPSIMA I OGEPHEHA 3AJIAYI TEOPII ITOJIS

B Teopii mosst po3pi3HSIOTH JABI OCHOBHI 3aj1a4l, K1 BITHOCSATHCS 0 CHHTE3Y
Ta aHaJli3y BEKTOPHUX MOJIB.

IIpsima 3a1a4a Teopii MoJIf NoJIsrae y BA3Ha4Y€HH1 BEKTOPHOTO MOJIS 32 OTro
3aJaHNUMH JUKEpENIaMu, a caMe, JukepesioM ta BuxopoM q(7) V (7).

div F(#) = q(7) 6.1
rot F(#) = V() '

Busnaunti BekTOp F(#), xom Bizowmi JDKepela Ta BUXOPH — I 3ajada
CUHTE3y BEKTOPHOIO MOJIsi 3a MOro JpKepenamMu Ta BUXOpamHu. 3 MaTeMaTUYHOI
TOYKH 30py MpsMa 3aja4da Teopii Mo MPUBOIUTE 0 TIEPETBOPEHHS Ta 3BEPHEHHS
(3ropTKH) BEKTOPHUX OIEpaii.

OOepHena 3amauya Teopii MOJIA 3BOJUTHCS JO BU3HAUCHHS JIKEpEN Ta

BUXOPIB MOJIS 32 JAHUM BEKTOPOM MOJIS K PYHKIIT TOUOK CIIOCTEPIraHHs.

=, .
Sxmio 3amanuii Bektop F(7), HEOOXiIHO BH3HAYMTH JHKEpEa Ta BUXOPH, a
came 30ynHukH mois. OOepHeHa 3anaya pO3B’SI3yE€TbCA ILISIXOM MPOCTOPOBOTO
nu(epeHIIIOBaHHsI BEKTOPHOTO ToJiA. BOoHa BiIHOCUTHCA 0 aHAI3y BEKTOPHHUX

MOJIIB.

YMoOBa OJHO3HAYHOTO BU3HAYEHHS BEKTOPHOTO OIS

div F(#) = q(7) (6.2)
Hexaii Bextop F, () — po3B’s30K piBHSHHS (6.2).
div Fy (7) = div [F, (7) + rot U= q(#),
ockinbku div rot U = 0.
Toni po3B’si3k0M piBHSIHHA (6.2) €

F () = F,(7) + rot U(®).
Takum 9rHOM, 3aBIAHHS TUTBKH JDKEPEN Mo (BUXOPIiB TOJIs) BU3HAYAE 11€

I10JIE HE OAHO3HA4YHO, a 3 TOYHICTIO a0 I[OBiJIBHOI‘O COJI@HOT,Z[&HBHOFO BCKTOpPY. L[e

CIIIY€ 13 3MICTY MaTeMaTUYHUX OTepalliii, HampuKiIaji 3
52



rot F(#) = V(#) (6.3)

[Tpumnyckaemo, 1110 3a/aHi TUILKKA BUXOpH noJis (6.3). Hexait BekTop FT)(F) —
po3B’s130k piBHAHHSA (6.3). Tomi

rot F(#) = rot [E;(F) + grad <p(?)] = V(.
rot grad ¢(7) = 0.

Taxum gyuHOM, 31 3MICTy MaTeMaTHYHUX OTepalli€ BUTUIMBAE, 10 3aBIaHHS
TiJIbKY BUXOPIB IOJISI BU3HAYAE II€ TI0JIC HE OJTHO3HAYHO, a 3 TOYHICTIO /IO TPAII€HTY
JTOBUILHOTO CKaJIsIpy.

YMoBa OHO3HAYHOCTI BH3HAYCHHS TMOJS BUTIKAE 3 TEOPEMHU €IUHOCTI

(OTHO3HAYHOCTI).

Teopema exunoCTI

PosrnstHemo mnone B oOMexeHii oonacti mpoctopy (puc. 6.1)

a(7)

E,=f(@)

Puc. 6.1. Jlo Teopemu € IMHOCTI

[TpunycTtrmo, 1110 B 111t 001acTi 3a1aH1 PyHKITIT
q(7) Ta V (#), a Ha mexi obnacri 3anauo F, = f(77).
Hexaii 3agana cucrema
div F(7) = q(7)
rot F(#) = V() (6.4)
F)n = B, = f().
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k1o B 0OMexeHi YaCTHHI MPOCTOPY 3a/IaHl BUTOKH (JXKepera) Ta BUXOPpHU
noys (cucteMa (6.1)), a Ha MexXi 00acTi 3ajlaHa HOpMaJIbHA KOMITOHEHTA IOJIs
(rpannuHa ymoBa (6.4)), TO 3ajJaya BU3HAUYECHHSI BEKTOPHOI'O MOJISI MAa€ €IUHUMN
PO3B’SA30K.
. . N o o
[Mpunyctumo, 110 HaMm Bigomi nBa po3s’s3ku cuctemu (1): F; (¥) Ta F,(7) npu

BUKOHAHHI YMOBH (4).

Tom
(div F, (7) = q(7)
Srot F(7) = V(#) (6.5)

\ FL)7A = f(19)
(div Fy(7) = q(7)
Srot Fy(#) = V() (6.6)
\ R (7)1 = f(72).

Buxonuth, 1o aBI cucteMu  copaBeqiuBi.  CkIageMo — pI3HUIEBE

CI1BBIIHOIICHHSI:
div [Fy () = B, ()] = 0
rot [F,(7) - F(®)] = 0 (67)
[Fi () — (@) = 0.
Takum uuHOM, pisHuLEBHil BekTop [F, (Ts) — F, (74)] Bu3sHaua€ co6010, BUXOAUH
3 cuctemu (6.7), Ge3BHXPOBE IOJIE, sIKe MM030ABICHE BUTOKIB. MIOr0 MH MOXEMO
BU3HAYNTHU K TPAJIEHT JTOBUIBHOTO CKAJIAPY ¢, TOOTO
F(75) — F;(75) = grad ¢(7)
div grad (ﬁl — ﬁz) = div grad ¢(7) = 0, oxe
Ap(T) = 0. (6.8)
Taxum ynnOM, QyHKIIA (8) 3a10BOTBHSE piBHSAHHIO Jlamaca.

Cxopuctaemocs [-oro opmynoro I'pina:

[, WA + grady gradeldv = §, p32ds. (6.9)

IToximamgemo B HilA, MO @ = P, TOAI:

a b
[, [pAg + (grade)?]dV = §, ¢=Lds. (6.9°)
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[TepeBipumo, sIK pe3yJbTaTH PO3B’SA3KY 3a10BOILHAIOTE (hopMyi ['piHa Ha

MeXx1 00J1acTi S

— — 1> 0 o
[ -RE))i="52=0. (6.10)

[TincraBumo (6.8) 1 (6.10) y Bupa3 (6.9), Toi:
f, gradg)?1av = ¢, [F (%) - FHG] av. (6.11)

0 . .
Bennunna % Ha TOBEPXHI S 3aBXKJHU JOPIBHIOE HYJI, TOMY OTPUMYEMO

yMoBYy (6.11). Interpan (6.11) Tomy y BCiX BUIIaJAKaX Ma€ TOPIBHIOBATH HYJIIO.

Ockinbku ymoBa (6.11) mae OyTu cnipaBensiuBa JJig BCIX S, 0 0OMEXYIOTh
00’em V, Tomi

Ff(ﬁ) = E(ﬁ) — IIe TOMY, IO MiTIHTEeTpadbHUIl BHpa3 Mae OYTH PiBHUM
HYJIIO, a 11€ MOJIUBO TIJIbKH B IIbOMY BUIIAJIKY.

J171s1 KOPEKTHOCTI Ta BU3HAYEHOCTI JaHO1 3a/1a4l BUXOPH Ta BUTOKH (JKepesia)
MOJISI HE MOXKYTb 3a/1aBaTUCS JIOBUIBHO.

3’scy€eMo, sIK1 3HAYE€HHSI BOHM MOXYTh Ha0yBaTH.

3BepHemocs 10 Teopemu Octporpaacskoro-I'aycca [1-3, 7]:

j div F(#)dV = jé F (r5)dS.
4 S
J, a@®av = ¢, f()ds. (6.12)
LTiit ymoBi Mae 3ag0BonbHATH QyHKILisA q (7).
O06urCcIMMO AWBEPTEHIIIIO PiBHSAHHSA (6.2):
div rot F(¥) = divV (#) = 0,
divV(7) = 0 (6.13)

Came Tomy QYHKIIIS, 110 33/1a€ BUXOPH T0JISL, € COIEHOI0ANbHOI0

| atirar = zﬁ F()dS.

%4

divV (#) = 0
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BusnauenHns rpannyHoi ymMoBH B 3anadi (6.4) — icrotHe. BoHO BpaxoBye

JoKepena (BUTOKH), 1110 3HAXOASATHCS B 30BHIITHBOMY MPOCTOP1. 32 yMOBaMH 3a/1aul

cee . = . . .
yrkuii q(7) i V(#) B34Ti nuiie B cepeauni 061aCTi, 0 PO3IIIAAAECTHCS.
6.1 IloctanoBKH 3aAa4i. 3ropTKH BeKTOPHUX QYHKILIM.

3amaua (6.4) 3BOAUTHCS 10 PO3B’SI3KY MPSAMOI 3371241 TEOPii MOJIs.

PamionansHUM crocoOOM 3ropTKM BEKTOPHUX OIepalliii € 3BeIeHHS iX 10
BUJTy OJTHOTO PIBHSHHS BEKTOPY F (7). Jlnsg mOCATHEHHS BOTO OOYMCIUMO POTOP
JPYroro piBHSIHHS cucteMu (4):

rot rot F(#) = grad div F(#) — AF(#) = V(7).

3 mepIroro piBHAHHS MiICTaBUMO 3HaUeHHs div F®):
AF(#) = —rot V(#) + grad q(7). (6.15)

PiBusinua (6.15) € nudepeHniaibHUM pIBHSHHSAM JPYToro MOPSAJIKY CaMOro
3arajibHOro BUAy. B peaibHUX (DI3MYHUX TMOJSAX, HANPUKIIAJ, €JICKTPOMArHiTHUX
BUJI IIbOTO PIBHSAHHS YCKJIATHSAETHCA TUM, II0 BUXOPH MOJS € QYHKISIMU CaMOTO
BEKTOpY:

V() S F(@).

Bynemo posrisigatu muiie 4acTKOBI BUNIAJAKU 3TOPTKH BEKTOPHUX OTIEPAIlii.
[{e MOXXJIMBO, KOJIM MpaBa yacTUHA piBHSAHHA (6.15) BimoMma:

W(#) = —rot V(7) + grad q(7). (6.16)

Toni 6ynemo matu BekTopHe piBHsHHA [lyaccona:

AF(7) = W(7) (6.17)

B nopanemomy 3anaua Oyje mojsiraTd y po3po0iil HalOIbII palioHaTbHUX
IIUISIX1B 3TOPTKUA BEKTOPHUX OTIEPaIlii.

PosrnsgaeMo aBa HAaWMOUIBII BaXKJIMBUX BUITAIKU:

e [TloTeHmianbH1 MO,

e (CoJieHOInAIbHI ITOJIS.
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6.2 [loTeHuiajabHi MO

PosriinemMo Oe3BuxpoBe mnoisie jxepell. Lle mosie BU3BHAYMMO HACTYIHUM

YUHOM.
div F(#®) = q(7) } (6.18)
rot F(#) = V(@) =0 |

Ockinsku V (#) = 0, To 3 piBHAHHES (6.15) OTpUMYyEMO:
AF(#) = grad q(7). (6.19)
3amaya 3ropTKM BEKTOPHUX OIepalliii 3BOAUTHCS IO THTErPyBaHHS PIBHSHHS
[Tyaccona [2, 3, 7]. CripoOyeMoO Tpu CKaJsipHi PiBHSHHS 3BECTH J0 OJHOTO. 3a1a4a
MOske OyTH 3HAQYHO CIIPOLIEHA, AKIIO BBeCTH 10 posrusany U(7) — - QyHKUi0, Ky
OyZ1IeMO Ha3WBATU CKAISIPHUM TOTEHII1aJIOM.
F(#) = —grad U(P). (6.20)
[le MOJIMBO 13 3MICTy MATEMAaTUYHUX OTIEPAILIii.
rot grad U(7) = 0.
3HaK «-» - HE MPUHIIAIIOBO, a B PE3yJbTaTl YABIISIEMO, 10 MU CITYCKaEMOCS B
MoJjie 3BEpXy BHH3, TOOTO NPAMYEMO BiJ TOYOK 3 OUIBIIMM ITOTEHIIAJIOM 0
MEHIIIOTO.
[TinctaBumo piBusiHHA (20) B niepiie piBHSHHS cuctemu (18).
div grad U(7) = —q(7¥) (6.217)
AU () = —q (7). (6.21°7)
Takum dYMHOM, MM TPUBOAMMO 3a7ady JO IHTETPYBAHHS CKAJISPHOTO
piBHsiHHS [lyaccona. [y HaOMMKEHOTO MPOCTOPY 3arajibHUI 1HTErpa-piBHIHHS

Ilyaccona mae Buna:

U@ ==, Lav == [ LOqy (6.22)

41T r

Jie T — BIJICTaHb BiJl €JIeMEHTa 00’ €My, KU BMIIy€ BUTOK (KEPEIO) ¢, 10 TaHOi

TOYKHU.
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BCKTODHi IoJid, BHXOPH AKHX I[ODiBHIOIOTB HYJId, Ha3WBarOThHCA

0€3BUXPOBUMU a00 moTeHIianbHuMu. Lle myxe BaknuBui kiac ¢i3MUYHUX IOJIB,

SKUM MpUTaMaHH1 BU3HAYEHI BIACTHUBOCTI.
I. HaliBa)JIMBIIIOIO BJIACTHBICTIO MOTEHINAJIBHUX TOJIB € PIBHICTh HYJIIO
UPKYJISIIT BEKTOPY MOJIS O JOBUTFHOMY 3aMKHEHOMY KOHTYPY.

Ckopucraemocs teopemoro Ctokca [1-3]:

f F(#) dl = f rotF(Mds =0 =
1 S
§ F(Adl=o0. (6.23)
3rigHo 3 (6.23) 6e3nocepeIHO CIIAYE, IO IHTEerpal Mo OYIb-SIKOMY KOHTYPY

[, i I, mix nBOMa ToukamMu M) 1 M He 3a1eXuTh BiJl IUISIXY IHTErpyBaHHs (puc. 6.2).

Puc. 6.2. Jlo piBusiaHs 6.23

3rigHo (6.20) moTeHIIaT MOXe OyTH BU3SHAYCHUM:
- M = g
Uur) =-— fMO F(X)dl=UWM)—-U(M,) (6.24)

[ToTeHwian TOUKH CIOCTEPEKEHHS — 11€ PI3HUILIS TOTEHIIaTIB MIXK 1L1€10 TOYKOIO
Ta TOuKoo BiiKy Mo U (M;)=0, ToOTO 11€ HECKIHYEHHO BiJajieHa TOUKa.
dopmyna (6.24) mnpencrtaBiase Cco0O OIeEpalilo 3TOPTKA TPAJIEHTY.
HezanexHicth iHTerpany (6.24) Bif HUIIXY IHTEIpyBaHHS € TUIbKH BJIACTHBICTIO
OJIHO3B’A3KOBUX 00jacTed, TOOTO Takux oOJjacTei, JIs SKUX Yy BCIX TOYKax

cnpaBenauBo piBHAHHA (6.18). [l iHmMX 061acTei 115 BIaCTUBICTb OPYIIY€ETHCA.
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PosrasineMo A mpukiany ABO3B’SI3KOBY 00s1acTh. Po3risiHeMo Oyab-siKy
TO4YKy M Ta 004HUCIMMO 1HTETpaJI IO 3aMKHEHOMY KOHTYPY, TP IbOMY [; OXOTLIIOE

[, (puc.6.3).

Puc. 6.3. JIBo3B’s13k0Ba 00J1aCTh

Toni

f F(#dl =0,
Ly
§ F@dl=[ rotF(®ds=[ V(PDds=1 ,to610 § F@dl=1
UT)=UM)+nl
U(Mo)=0 (6.25)

Bupa3s (6.25) Ha3uBaeThCs MUKIIYHUM CKaJIspHUM noTeHiianom [2, 3]. Lew
MOTeHII1a)1 — 0araTo3HauHui. J1Jisi yCyHeHHS Horo 6araro3Ha4yHOCT1 B HhOTO BBOJSTh
«HETIPOHUKHI neperopoaxku». Ha it «neperopoii» 3a1ai0Th FpaHUYHI YMOBH.

3BepHeMocs 10 piBHSAHHA (6.20):

F(#) = —grad U(#) = —grad (U + C),
ockineku grad C = 0, ne C — anuTUBHA MOCTINHA.

Ilomenuian euznauacmovcsa He 0OHO3HAUHO, d 3 MOUHICHIO 00 AOUMUBHOT

cmanoi, npome noJie, 6U3HAYEHE nomeuuiaﬂom, GU3HAYAEMbCA 0OHOZHAUHO.

59



CkanspHUil TOTEHIlial — YMOBHAa XapaKTEPHUCTHUKA IO, SIKa CIPOIIye
MaTeMaTH4HI oOmepamii Ta I03BOJISIE OTPUMATH TOJIe MUISIXOM IPOCTOPOBOTO
nudepeniiroBaHis. B peaqbHUX (I3WYHUX MOMSIX CKAISPHUHN MTOTEHIIaM BIAMOBIIA€E
po6ori mosss. B 3aragpHOMY BHOAAKy CKaJdsIpHUN TMOTEHIan (Hi3UYHUMHU

BJIACTUBOCTSIMHU HE BOJIOJIIE.

6.3 CoJieHOITAJIBHI OJIA

PosriissHemMo BuxpoBe mosie, mo mo30asieHe BHTOKIB [2, 3]. 3amamo iioro

BHPa30M:
divF () = 0
rotF(#)=V(#) (6.27)
PesynbraTu inTerpyBanus piBHsHb (6.27) 3rigHo (6.15) MoXyTh OyTH
MIPE/ICTABIICHI Y BUTJISIII:
AF (#)=-rotV (7) (6.28)
B 3aranpHOMy Bunaaky piBHsHHS (28) — BekTOpHE piBHsAHH: [Tyaccona [2, 3].

CnpoOyemMo Tpu PpIBHSHHS 3BECTH JO OJHOTO. 3ajadya MOXKe OyTH 1CTOTHO

CIIPOIIEHA, SKIIO BBECTU JI0 PO3TIISAY (DYHKIIITO K(?), Ky B TIOJIAJILIIIOMY OyJ1eMO
HA3WBaTH BEKTOP-MOTeHIiaioM [2]:
A(F) = rot AP (6.29)
[le MOJIMBO 13 3MICTY MATEMATUYHUX OTIEPAIIiif
divF (#) =div rot A(¥) = 0.
[TincraBumo (29) y npyre piBHsSHHS cuctemu (27):
rotF (#)=rot rot A(F) = V() (6.30)
Po3kpuemo 3HaueHHs rot rot A(#) =V 3a IIpaBWJIaMU BEKTOPHOT aJireOpu:
rot rot A(#)= grad div A(F)-AA(F) = V(P). (6.31)
Ile aramoriyxo:

grad div A(F)-AA(F) = V(7).
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3BiZICH 3 ypaxyBaHHSAM ITEPECTAHOBKHA MOXKEMO OTPHUMATH:

-AA(7) = —grad div A(#) + V()

AA(7) = grad div A(#) — V(7).

[IInsxoM HACTYIHUX MEPETBOPCHB HAIle PIBHSIHHS MPHUBOIUMO HACTYITHOTO
BUTJISITY:

AA(F) = —V(#) (6.32)

TakuMm 4MHOM, 3a7a4a 3BOJUTHLCS JO IHTETPYBaHHS BEKTOPHOTO PiBHSIHHS
[Tyaccona [2, 3].

3 MaTeMaTU4YHOI (H13UKH BIJIOMO, IO JJISI HEOOMEKEHOTO MPOCTOPY BEKTOPHE

piBHsHHS [lyaccoHa Mae po3B’sI30K THITY:
= 1 V(#)
AA(r) =— | —=dV. 6.33
B peanvnux iduunux nonax nomenuyianu @QiBUYHUM 3MICIOM He
601100it0mb. Bekmop-nomenuyian Hi 6 AKUX NOJIAX He CRIGNAOA€ 3 PeaibHOI0
¢izuunoro eenuuunoro. Bekmop-nomenuian — ye QyHKUioHANbHI 6ETUYUHU, UWLO

6600AMBCA 0N CNPOULEHHA PO36°A3KY 3A0au 00epHEHUX 6EKMOPHUX onepayiil

ma 0036071A10Mb OMPUMAMU NOJIE WIAXOM BPOCHIOPOBO20 OUpepeHUil08aHHA.

6.4 IloJie B 0OMeskeHiil 00.1acTi MPOCTOPY BijibHE Bijl JAKepeJs Ta BUXOPiB

Posrasiuemo BuxpoBe moJie, i€ BiICYyTHI BUTOKU Ta JKepena. [IpeactaBumo

HOr0 BUPA30M:
divF(#) = 0
rotF(7)=V (%) (6.34)
ko piBasHHS (6.34) PO3MOBCIOANTH HA BECHh MPOCTIP, TO TOAI OYEBUHO,

110 €AMHUAM PO3B’SI3KOM JTAHO1 CUCTEMH €:

F@#) =o.
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[IpoTe, Moke OyTH HIMapuHa B MPOCTOPI, Jie 111 PIBHSIHHS MalOTh PO3B’SI30K.
Hexaii Take moje icHye B oOMexeHii obsacti mpoctopy S. [ xapakTepUCTHKU
I[LOTO TIOJISI BBEICHO CKAISIPHUM MOTEHITIa:

F(#) = —grad U(?) (6.35)

AU(7) = 0. (6.36)

3amava iHTErpyBaHHS MOJIS 3BOAUTHCA TOJII A0 PO3B’SI3KY piBHsIHHS Jlammaca.

Jlins po3B’si3ky piBHsHHS Jlammaca [2, 3] B oOMexeHi# o0iacti Ha 1 Mexi
NOBHHHI OyTH 3aJlaHi YMOBH, SIKI BpaxOBYIOTh JKepesna (30yAHUKH) ToJis. A came
Ha MexX1 00JacTi Mae OyTH 3aJ]JaHa HOpMaJbHa CKJIaJ0Ba BEKTOPY IOJIS.

1. FR)A = F, (1) = — % —3amava Heiimana [3]

Ha rpanumi o6macti Mae OyTH 3a1aHH caM MOTEHI1aJ.

2. U(r9)=¢@(r7) — 3amaua [ipixue [2, 3]
OpnHo3HauHMI po3B’sA30K 3a1aui HeliMaHa ciimye 3 Bxe pPO3IIISIHYTOI 3ajayl
PO OJTHO3HAYHICTb.
Posrnsaemo 3anauy [ipixie, a came, ii yMOBU OJHO3HAYHOCTI
AU([T) =0 }
U@r) = o)

[Mpunyctumo, mo € asa pos3s’ssku Uy (1;) ta U,(77), mo B piBHil Mipi

(6.37)

3aJI0BOJILHSIIOTH PO3B’ 13Ky cucteMu (6.37).

Pi3HuiieBUi po3B’SI30K 3aMUILIEMO Y BU/IL:

U@s) = Uy (%) - U ().

Toni pi3HULIEBUH TTOTEHITIAI

AU(ry) = AU () - U, (7)) = 0.

Bin 3ag0BonbHs€ po3B’ 3Ky piBHsIHHS Jlamaca. BekTop moins Oyne Bu3Ha4aTHCS
U, (75) - U, (75) =0.

Toni ¢ po3B’si3aTH HACTYTHY CUCTEMY:

{AU(FS)) = A[U1(Fs)) - Uz(Fs))] =0

U, — Up() =0 (6.38)

Toni pi3HHIIEBHI BEKTOP MOJISI BUBHAYAETHCA SIK TPAJIEHT PI3HUIIEBOTO MOTEHIIIATY.
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0

F@) = —grad[Uy (%) — U@1={

(6.39)

6.5 Bu3zHayeHHsI BEKTOPHOTO 10JIsI 32 HOro JkepejiaMu (BUTOKAMM) Ta

BUX0OpaMHU

div F(#) = q(7) } (6.40)

rot F#) = V#) =0

J11st po3B’ 13Ky ITi€T 3a/1a41 YSIBUMO BEKTOP F y BUJI1 CYTIEPIIO3UIIIT IBOX IMOJIB:
F@=U® + W@, (6.41)

ne U(r) TaW(F) - BEKTOpH COJEHOINAIBHOIO Ta MOTEHIIAILHOIO MOJIB.

[Ipunyctumo, mo

{div ﬁ(j) = q(®) (6.42) { div | W(@#) =0 | (6.43)
rotU(@) =0 rot W) =V (7)

ne U(7) — norenuiansuuii Bekrop, W (1) — coneHoinanbHuii BEKTOP

3a 3a1aHUX YMOB BEKTOD F (7) 3amoBoNBHAE BUXiHOMY piBHSHHIO (6.40). V

BUMAJKY MOTEHI1AJILHOTO MOJIsi BBEAEMO (QYHKIIIFO

U®#) = —grad o(#) W#) = —rot A®)
Ap(7) = —q(7) (42) AT ==V (@) (6.43")
0@ =), TRV W) =1 f, “Pav

3rifHo piBHSHHAM (6.41) MOkeMO 3amucaTH:

F(#) = —grad o () +rotA(7). (6.44)
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I[J'Iﬂ HEOOMEKEHOTO IMPOCTOPY MOJKHA 3aIllUCATH!

Dy, (6.45)

=3P 1 r 1

F(#) = ——grad J, @dV +—rot [,

TakuMm 4rMHOM, SIKIIO JKEpeNa Ta BUXOPH IOJII BU3HAUCHI B KOXHIN TOYIII
o0nacti, OT WE TMoJe MOXe OyTH TMpEeACTaBICHO Yy BHUAL CYNEPHO3MIIil
TOTCHIIAJIEHOTO Ta BHXPOBOTO MouiB Lle MOIOKEHHS HOCUTH Ha3By TeOpeMH

PO3KJIATAHHA FeJILMI‘O.]'IL]_[a.
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7. EJEKTPOMATHITHI IIOJIA TA IXHI BJIACTUBOCTI

7.1 @i3u4HI XaPpAKTEePUCTUKHU €JIEKTPOMATHITHUX MOJIIB i eJIEKTPOMATHITHI

BJIACTHBOCTI cepeaoBHI. BeKTOpPH €J1eKTPOMATHITHOTO MOJIS.

EnexTpoMarHiTHe mojie XapaKTepu3y€eTbCs CyKYIHICTIO YOTUPhOX BEKTOPIB,

K1 3TiTHO BCTAHOBJICHOIO TEPMIHOJIOTIE€I0 TIO3HAYAIOTHCS HACTYITHUM YHHOM:

— HaIPYXEHICTh €JEKTPOMArHITHOTO MOJIS;

Sl =l

— CJICKTPUYHA 1HIYKIIsSI(BEKTOP 1HIYKIIIT €IEKTPUYHOTO MMOJIs);

- . . . . . Cee

B — marniTHa 1HIyKUisI(BEKTOp MAarHiTHOL IHAYKIII1);

= . .

H — Hanpy»XeHiCTh MarHiTHOTO TIOJIA.
BekTopu 1mosist mpeacTaBisioTh COO0I0 KIHIIEB] Ta HeTepepBHI (PYHKIIT TOYOK TOJIS.
HenepepBHICTh BEKTOPIB MOJISI BITHOCUTHCS J10 3BUYATHUX TOUOK IOJIsI, TOOTO TUM,
Jie BIACYTHIN cTpuOKonoaiOHui mpolec B nodi. B rpaHu4HUX TOukKax, A€ ICHY€

CTpUOKOMOIIOHNH eEeKT, BEKTOPH TIOJIsI MOXKYTh 3a3HaBaTH PO3pHBIB [2-4].

CunoBuii BIUIMB HA PyXOMUU 3apsiji BU3BHAYAETHCS HACTYITHUM YUHOM:

F(#) = q[E + (V x B)]. (7.1)
OcTaHHE PiBHAHHSA MOYKHA PO3KJIACTU HA CKJIAJOBI:
F(#) = qPE — (kynonoBa cuna) (7.2") (7.2)
F@#) = q(?)(l_/ X §) — (nopennesa cuna)  (7.2") '

3 piBHsHHS (7.2) MOKHA OTPUMATH HACTYITHUN BUPA3:
E=-F. (7.3)

Bianosinno 1o (7.3) Hanpy>XeHICTh BUPAKAETHCS CUJIOK0, 1110 1€ 31 CTOPOHU
mois Ha oauHMYHMM 3apsna. lle momarniit motwunuit 3apsa. PiBasans (7.3) €

HacJ1IKoM 13 3aKoHy Kyrona:

=

F=k Dlxz (7.4)

RZ
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B ocHOBy BH3Hau€HHsS IHIYKI[i MarHiTHOTO MOJisI MOXKe OyTH TOKJIajeHe
piBHsiHHSA (7.2°7). IIpoTe, M 1IbOTO Kpallle BUKOPUCTOBYBATH 3aKOH AMIiepa Jis

NPOBIHUKA 31 CTPYMOM B €IEKTpUIHOMY T10JIi [2, 4]:

dF = 1(dl X B)Kyary.- (7.5)
kMaI'H.' = 1
B inenTuynOCTI piBHAHB (7.2°”) 1 (7.5) JIeTKO BOEBHUTHCS, SIKILIO 3rajiaTH, 110
_da. 7= o
I—dt, V—dt,Tom

qV = I1dl.
Po3kpuBaeMo 3MICT BEKTOPY MAarHiTHOI 1HYKIIIi.
SIK110 B MarHiTHOMY TOJII BEKTOPY B MOMICTUTH TPOBIIHUK 31 CTpyMOM dl,

= o co .
TO HAMPAMOK BeKTOpYy dF Oyje HampsSIMKOM BEKTOPY B I1ii IPaBOrBUHTOBIN CHCTEMI

(puc. 7.1).

dF

ool

dl
Puc. 7.1. Jlo BU3Ha4Y€HHS BEKTOPY MarHiTHOT 1HAYKIIIT
Bektop MaruiTHOI 1HAYKIIT YUCEIbHO TOPIBHIOE CHUJII, IO JII€ HA OJUHUIIIO

MPOBIIHMKA 31 CTOPOHMU TOJISI 3 OJUHUYHUM CTpymMoM [, 1o posramoBaHO

NEPHEHAUKYJIIPHO MarHiTHOMY TOJIIO

o (7.6)
=%
qv
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[Tapu BekTOpiB E 1 B(Hanmpy>KeHOCTI €eKTPUYHOrO Ta 1HIYKI[li MarHiTHOTO
MOJIIB) 3arajoM JOCUTh JUIsI XapaKTePUCTUKH EJIEKTPOMArHiTHOTO TIONsA B
BaKyyMHOMY CEpeIOBHIIY. AJie B CEpEIOBHIIAX, JI€ BIACTUBOCTI MOJIS 3aJI€3KaTh BiJl

BJIACTUBOCTEH CEepPEeAOBHIII, ITUX BEKTOPIB HEJOCTATHLO. TOMY KpiM HUX BBOASATHCS

1€ BCKTOPH 5 Ta ﬁ

—

Enextpuunoto iHmykiiero D  Ha3MBAa€ThCS BEKTOpHA XapaKTEPUCTHKA
EJIEKTPUYHOTO TI0JIA, 1110 33JJaHO CUCTEMOIO EJIEKTPUYHUX 3aps/IiB, IKA HE 3aJIEHKUTh

Bi,Z[ CIICKTPUYHHX BJIACTUBOCTEHU CCpCaAOBHUIIIA.

Harnpy>xeHicTI0O MarHiTHOTO MOJIA H nasuBaeTbes BEKTOpPHA XapaKTEPUCTHKA
MarHiTHOrO MOJs, sIKa CTBOPEHAa PYXOMHUMH 3apslaMd Ta CTpyMaMH, IO He
3aJIeXkaTh BiJl MArHITHUX BJIACTUBOCTEN OTOYYIOYOTO CEPEOBUIIIA.

CyKyIHICTh YOTUPBOX BEKTOPIB MOBHICTIO XapaKTEPU3yeE €IEKTPOMArHITHE

II0JIC 3a4aHOI'0 MaTepiaﬂLHOFO CCpCaoBHILIA.

7.2. Jlie1eKTpUYHA Ta MAarHiTHA NPOHUKHICTH

EnekTpoMartiTHe cepeoBHIIE XapaKTepu3yoTh [2 - 4]:
® & — JieNIEKTPUYHA TPOHUKHICTh
® [ — Mar”iTHa NPOHUKHICTb.
OO6uaB1 MPOHUKHOCTI MOXKYTh OyTH O€3MmocepeIHRO BU3HAUCHI 3 BIIMIOBITHUX
3aKOHIB €JIEeKTPOMATrHETU3MY.
JieJieKTpUYHA NPOHUKHICTB & MOXe OyTH oTpuMaHa 3 3akoHy Kymona.

Bupasumo B HboMy K-KoediIlieHT B peasbHili MaTepiaibHii Gpopmi:

= 1 R

F=—212 (7.7)
4me R? R

JlienexTpruiHa MPOHUKHICTh B PI3HUX CEPEIOBUILAX MA€E PI3HI 3HAYEHHS.

Hexait q; — npoOHuit 3apsiz, a q, — 3apsij, sSIKHi CTBOPIOE TIOJIE.

.2 F 1 ¢q R
Tomi: E = — = —=% —,
q1  4meR? R

JIOMHO>XMMO OCTaHHIN BUpa3 Ha £
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— - ﬁ 1

D=¢E=c—=— (7.8)
q1 4T

3 piBHAHHA (§) OTPUMAEMO OJIHE 3 MaTEpiaTbHUX PIBHSIHB €JIEKTPOMArHiTHOTO

2| o1

qz
RZ

TIOJIS:
— —
D = ¢E. (7.9)
CkmamHi Tpollecd TMOJspHU3alii PEYOBHHU BU3HAYAIOTHCS BBEACHHSIM
BEJIMYMHU €.

Takum uYMHOM, J[i€NEKTpUYHA TPOHUKHICTH BHU3HAYa€ COOOI0 BIUIMB
CEpEelIOBHUIIA HA CUITy B3a€MO/IIT €IEKTPUYHUX 3apsi/IiB; B KUIbKICHOMY BIJTHOIICHHI
— 1€ 30UIbIIEHHS CWJIA B3a€MOJII 3apsA/liB B JAHOMY CEpEIOBHUII B MOPIBHSIHHI 3

BaKyyMoM [2, 4].
B cucremi ClI nienektpruyHa nocTiifHa MPOHUKHOCTI £y MA€ PO3MIPHICTb:

e i)

&=
36T LM Om M
3HaueHHS &) € MiHIMaJIbHUM Y BaKyyMl. B peanbHUX cepeoBUIaX 3HAYEHHS
€ 3aBXK/IM O1IbIIIE TPUBEICHOI BETMYHHH.

MaruiTHy NpPOHMKHICTB [ CEpPEIOBUINA MOKHA BUpa3WTU 3 3aKoHy bio-

Casapa-Jlamaca [2]. BinnoBimHO 10 IIbOTO €KCIIEPUMEHTAILHOTO 3aKOHY (pHc.7.2):

5 _ lu (d?xﬁ
dB = pp— (7.10)
. . g Iu (dfxﬁ 5
[Ticnst 1HTErpyBaHHS OTpUMAaEMO: B = Efﬁl e (7.10%)
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Puc.7.2J10 BU3HaUY€HHS MarHiTHOI MMPOHUKHOCTI

B pesynpTaTi MaeMo XapaKTepUCTUKY TIOJIA, IIO0 HE 3aleKHUTh BIiJ
BlIacTUBOCTEN cepenoBuia. Jis uporo piBHsaHHS (7.10) po3auiumo Ha U:

df =& = L)) (7.11)

u 4w R3

B takoMy BUNagKy OTpUMa€eMO 1€ OJIHE MaTepiajabHe PIBHAHHSA:

B =uH. (7.12)

Jl5is BakyyMy BBOJUTBCS [Lg — MarHiTHa MPOHUKHICTh BaKyyMy:

Ho= 4w 1077 ().

MarsiTHa NpOHUKHICTh CEpeI0BHUIIa BU3HAUAETHCS BILIMBOM CEpPEIOBHUIIA HA
MAarHiTHe 1oJie B JaHOMY CEPEIOBHILI 1 KUTbKICHO BUpaXkae 3MiHY (3011bIIeHHS a00
3MEHIIICHHSI) BIUIMBY CEPEIOBHUIA HA MArHITHE MOJIE B TOPIBHSIHHI 3 BAKYYMOM.

JUist 3py4HOCTI BBOJASTBCS TAKOX 1 BIJIHOCHI MPOHUKHOCTI — O€3pO3MipHI
CTaJll, IO MOKa3yI0Th Y CKUIbKH pa3iB MPOHUKHICTh JaHOI pEYOBUHU BIJPI3HAETHCS

BiJl TPOHUKHOCT1 BaKyyMy:

7.3. llonsipu3anisi Ta HAMarHiYeHicTh

Hexait 3agano none E. BoHo B MaTepialbHOMY CEpeOBHII AacTh
iHayKiio D, a B BaKyyMi

69



D0= EO

3HaIeMO PI3HUIIIO ITUX BEINYUH
P=D -D,=D — ¢,E, (7.13)

S
ne P — BeKTOp €NeKTPUYHOI MOsipU3allii, SKUi XapakTepu3ye MUTOMUN

CJIEKTPUYHHUI MOMEHT OJIMHULIL 00’ €My PEUOBUHH, 1110 BUHUKA€E BHACTIIOK

MOJIApH3alIii.
2
b= AIII/IBOW
D =P —¢E, (7.14)

- . .
[Tpunyctumo, o 3amano nosie H. B marepianbHOMYy cepelIOBUII BOHO Ja€

THYKITIO B,aB BaKyyMi

3HaleMO PI3HUIIO 1IUX BEJIMYHH
M=B— By=B— poH,

ne M — BeKTOp MarHiTHOI moJigpu3ailii, a00 BEKTOp HamarHiueHHs. BiH Bupaxae

c0000 MUTOMUI MarHITHUN MOMEHT OJUHUIII 00’ MYy .

M = lim 2_771”
AV—0 AV
B= M- p,H. (7.15)

= . . .
Bektop B BpaxoBye BHYTPIIIHE MAarHIiTHE IIOJI€ Ta 3O0BHIIIHE II0JIE

HaMarHi4yBaHHS.
e —_— — o —_ = = o
B muiiaux cepenosumax sekrtopu E, D, P, a takox B, H i M, 3Bu4aiiHO

MPOTOPIIiitHI Mk co0010. [[f0 mpomopIrito MOXKHA BUSHAYUTH HACTYITHUM YHHOM:
P = y&E,
5T Kkl (7.16)
M = xmioH,

1€ X | Xm — €JIeKTpUYHA 1 MarHiTHa COPUUHSTIMBOCTI CEPEIOBHUILIA.
70



CyTo (hi3M4HO BOHM BH3HAYAIOTh MIPy aKTUBHOCTI CEPEIOBHUIIIL 10 PO3BUTKY

eﬂeKTPOMaFHiTHOFO Impouecy.
- — —
P DO = (8 - SO)E;

=3 -
M= —uH.

SIkmo P migcTaBuTH B piBHsiHHS (7.16), TO OTpUMaEMO

Xi€o =€— & Ta YmUo =M — [, 3BIAKH

e=¢g(1+x)
u= o1+ xm) (7.17)

A U151 BIZHOCHHUX 3Ha4€Hb IPOHUKHOCTI OTPUMAEMO

€r=i_0=1+)(l
(7.18)
.ur:i =14+ xm
Ho

— 1ue 0e3po3MipHI BEIUYUHHU (KOE(IIIEHTH), 110

CapuitHATIUBOCTI
BUPAXaIOTh COOOI0 MPUPICT BIJHOCHOI MPOHUKHOCTI CEPEIOBUIIA HAJl BAKYYMHUM

CEPENOBULIEM.
DyHIaMEHTATLHUMHU XapaKTEPUCTHUKAMU CEPEIOBUIIA € TIPOHUKHOCTI.

Benuuuna P — 11e iHIyKIIisl, @ HE HAMIPY>KEHICTh!
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8. EJIEKTPUYHE ITOJIE B ITPOBITHOMY CEPE/TOBUIIII

Bynp-skuii pyX €JICKTPUYHHUX 3apsiiB MPEACTaBiIsiE COOOK EICKTPUYHUN
ctpyM. Enemenrapnuii 3aps npuTaMaHnmii enekTpony: € = -1,602 =107° Kur.

3a pyXOM eJICKTPOHIB BCTAaHOBJIIOETHCS HAMPSMOK cTpyMiB. [lepexosun 1o
MaKpPOCKOITIYHOTO PO3MOBCIOKEHHS 3apsIiB BBEACMO HACTYITHI MOHATTS [2-4]:

1. OG’emMHa MIUTBHICTB 3apsAy — M€ 3apsii B OAUHUII 00’ €My

w Ll a=[ow
—>0AV P

%4

p—ll

2. IloBepxHeBuii 3aps (MOro MIUIBHICTB)

o= fmgs el o= [oes

3. JIiHiiHMIA PO3MOILT 3aps Ty

2= lim 2 = [ 24l
A%%A_l ;' 1= f

[{umu xapakTepUCTHKAMU MU BUPAXKAEMO MMPOCTOPOBUH PO3IIOILT 3apsIIiB.
PosrisiHemo ctpymu.

4. EnexTpuyHUil cTpyM depe3 BU3HAUYCHUH Tiepepis S.
BpaxoByeTbcsi, 10 CTPYM PO3MOBCIOKYETHCS B JIIHIHHOMY
CepeIOBUIIII.

dq
I = = [A]

5. BEeKTOp LIIIBHOCTI CTPyMy |

- i 4]

1€ Jo — OPT, LIO NPEACTABIISAE HANPAMOK BEKTOPY IIIIBLHOCTI CTPYMY.
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6. IloBepxHeBa HIIBHICTh CTPYMY

BBaxkaemo, 110 CTpyM MPOTIKAE 1Mo MpoBiaHii moBepxHi (Puc. 7.3)

Puc. 7.3 I'padiune npeacTaBieHHs MOBEPXHEBUX CTPYMIB

B TaKOMY BHUIIAAKY MOXKHA O00YHCIINTH CTPYMH Ha OJVMHHIIO JOBKHWHH.

7= lim 7[R I=|7d8= {7 ds 1= dl
it [ e fas oo
S S l

B 11bomMy BHUIIaJIKy CTPYM PYXa€ThCS BIJT «+» 0 «-»
8.1 3akoH 30epe:xxeHHsI 3apsAy

Posrnssmemo  3amMkHeHy TmoBepxHIO S. BceepeawHi 1mi€i  moBepxHi
3ocepemkennii 3apsiy ((t), skuit 3MeHIyeThes 3 TWIMHOM 4acy t. CTpym depes 1o

IMOBCPXHIO MOJXHA BU3HAYHUTHU SK

1=2=¢ jdS (8.1)

= =
BBenemo 00’eMHY MIUTBHICT €IEKTPUYHOTO 3apsiay
q=[, pAV

dq_i _ a_P
E_dth pAV_fV ot AV

(8.2)

9 . .
Besinyuna fV a_i AV — po3srisiae 3MEHILIEHHs B KOXKHIN TOYIll 00’ eMy.
Toni Bupas (1) npuitme BUTTIS;

§, jdS =, divjav=—[, 2av (8.3)
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[{i71KOM MOJIMBO PIBHSHHS (3) IPEACTAaBUTH B HACTYITHOMY BHJI:
. - 6p _
J, (dw] + E) AV =0 (8.4)

®dopmyna (8.4) — iHTerpangpHa ¢popmylia 3aKoHy 30epekeHHs 3apsaay. BoHa
CIpaBeIUBa JIs1 OYIb-IKOTO 00’ €My, IO 0OMEXEHHH Oyab-SKOI0 MOBEPXHEIO S.
PiBusnHS (8.4) icCHY€E TIJILKM B TOMY BHUITQJIKy, KOJIM IHTEIpAJIbHUI BUpa3 JOPIBHIOE
HYJTIO.

divi+2 =0 (8.5)

Jat

Piusaast (8.5) mpencrasisie coOoro audepeHmianbHy GopMy 3aKOHY
30epeKeHHsT 3apsly, Ta € BIJIOMUM pIBHSHHSM HENEPEpPBHOCTI. 3TiTHO 3 HUM
BUTOKaMH (JKEpesiaMy) BEKTOPY LIIJILHOCTI CTPYMY € 3MIHHI B 4aci 3apsijiy.

Piusunas (8.4) 1 (8.5) BuU3HAUaOTh COOOI0 3aKOH 30€PEKECHHS 3apsay.
3riiHo 3 (8.4) eNneKTpuYHU CTpyM, 110 MPOXOJAUTh Yepe3 3aMKHEHY MOBEPXHIO S,
KOMITCHCYETRCS CIIaJJaHHsIM 3apsiay BcepeauHi i€l mopepxHi. CyTo (i3M4HO 3aKOH
30€pEKEHHS XapaKTEPU3Yy€ HE3HUIIYBAHICTh CJICKTPUUHUX 3aPs/IiB.

Ile¥i 3aKOH € YAaCTKOBUM TPEJICTABIICHHSM 3arajbHOTO 3aKOHY MPUPOIU —

3aKOHY 30epeKeHHs MaTepii:
. - 4 ap
div(j+rotH)+—=0.
(] ) ot
MareMaTnyHO MH HE MOXEMO OJHO3HAYHO TPAKTyBaTH (TOSCHIOBATH)

piBHsIHHSA (8.5). ToMy MU PO3IIIAIa€MO JIMIIE BUIA0K, KOJIH 10t H=0.

8.2 3akonu Kipxroga

[. Ina Oyap-sikoi TOUKM By3ia (pO3raidy>KeHHS) €JIIEKTPUYHOTO JIAHITIOTY
Cyma CTpyMiB, IO CTIPSIMOBAHA JI0 BY3J1y, JOPIBHIOE CyMi CTPYMIB, 11O CIIPSIMOBaH1
3 By37a.

YI=0
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ZIBX = ZIBI/IX
II. s Oyab-IKOro 3aMKHEHOTO KOHTypy anreOpaiuHa cyma BCIX e€.p.C.

KOHTYPY JOPIBHIOE anredpaiuHiii cymi CriajiiB HAlpyT Ha OKPEMHX OMOpax KOHTYPY.

Sir=Sepe

L1i 3aKOHHU B BUIIAAKY ITPOCTOPOBOTO PO3MOALTY IMoiB (puc. 7.4) HaOyBarOTh

nudepeHItiaabHi 1 IHTerpajbHI POpMH.

Puc. 7.4. Jlo npyroro 3akony Kipxroda

955 7 dS=0 (8.6)
PiBusiaus (8.6) — inTerpaiibHa hopma nepiioro 3akoHy Kipxroda.
B oMy BuIaaky BcepeuHi TOBEPXHI 3aps/iv BiJICYTHI.

SKI1110 BOHH €, TO TOJIl MAEMO MPABO 3aMUCATH:

1=jﬁjd§
S

3 piBHSIHb HETIEPEPBHOCTI 1€l BHpa3 MOKHA TIEPETBOPUTH 32 (POPMYIIO0
Octparpancekoro-I'ayca [1-3] ta orpumaru:
div j=0 (8.7)
PiBusans (8.7) — nudepenuianbia popma I-ro 3akony Kipxroda (3akony

30epeKEHHs CTPYMY CTaLliOHAPHUX MOJiB). Ile icTOTHA XapaKTepuCTHKa BEKTOPY J.
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B cranioHapHuX MOJISX IOJIE BEKTOPY J € COJEHOINAIBLHUM MHoseM (TOOTO
JHIT CTPyMY HiJIe HE TIOYMHAIOTHCS 1 HiJIe HE 3aKIHIYIOTHCS).

3rigHo 3 ApyruM 3akoHOoM Kipxroda:

e=[ Edl=0. (8.8)

PiBusaua (8.8) mpencraBisie co00r0 iHTETpanbHY (HOpMY IPYroro 3aKoHY
Kipxroda. 3a Teopemoro Ctokca piBHSHHS (8.8) MOKHA 3anTUCaTH Yy BUL:

§ Edl=¢ rotEdS=0.

OckinpKu 11ei Bupa3 Mae OyTH CripaBeAJIMBUM 715l Oy 1b-KOi ITOBEPXHI S, TO
TOJ1 MiIIHTETrpalbHUI BUpa3

rot E=0 (8.9)

3rigHo 3 (9) cTamioHapHE IIOJIE B CEPENIOBHINI, SIKE€ MPOBOAUTH, €

0€3BUXPOBHUM a00 MOTEHIIaTbHUM. TO/1 BBOJUTHCS CKAISIPHUI MOTEHITIa

E = —grad U. (8.10)
8.3 3akon Oma
U = .7 l
I=; U=[ Edl; R=p-

[Tpunyctumo, 1m0 HeoOX1THO 3HANTH (HYHKIIOHATBHUHN 3B’ 130K
JSE.

BBenemo HactymHui (TpeTiii) €JIeKTPOMArHiTHUN MapaMeTp cepeIoBUIIa

Yy ==
p

1€ Y — €JAEKTPONPOBIIHICTh, P — TUTOMHI €JIEKTPUYHUH OITIp.

p=owny = [2] = 5}

OM M
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Puc. 7.5. Jlo 3akony Oma

Buninumo TpyOKy Takux mamux po3mipiB (puc. 7.4), mo0 cTpyMm MpOTiKaB
napa’jeibHO MOBEPXHAM LIUJIIHAPA, Ta 0 Hel 3acTocyeMO 3akoH OMa.

Hexait uepes TpyOky npotikae ctpyM Al. 3rigHo 3akony Oma:
Al = AU
==

S : Al :
Onmip 1i€ei TpyOKu opiBHIOE: R = p s Tol

Al 1AU
AS ~ p Al
[Tepeiinemo 10 rpaHUYHKX BiTHOIICHB, CTIpssMyBaBIu Al Ta AS 10 HyJs.
limﬂ =j, = l im ﬂ lEl.
AS pAl-0 Al p

VY3arajapHIOKYU OTPUMAHUM PE3YJIBTAT, MAEMO:
J= YE. (8.11)
OcranHe piBHSHHS MpeAcTaBisie co0ow 3akoH Oma B audepeHiiaibHii

dbopmi 1711 TPOCTOPOBHUX CTPYMIB.

Hexait, J=YE : (8.12)

Biamosimnao 10 (8.12) BeKTOp MIUIBHOCTI CTPYMY MOKHA TMPEJCTAaBUTH
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j=-y grad U, toni
divj = div (y grad U) = 0.

Takum YMHOM, MA€EMO HACTYIIHC piBHHHHHI

div (y grad U) = divy grad U +y div grad U = 0. (8.13)

PiBusaHS (8.13) 3a10BOIBHSE MTOTEHIIIATY Ta OMUCYE TOJISI B HEOJHOPITHUX
cepenoBuIax. SIKIO cepemnoBHIe OMHOpiIHE, TOOTO ¥ = const Ta grad y = 0,
Ma€eMO

AU = 0. (8.14)

3 piBHsHHA (8.14) ciigye, MmO A7 OJHOPIIHUX CEPEIOBUII CICKTPUUHUN
MOTEHIT1aJI CTalllOHAPHOTO MOJIS 33]I0BOJIbHSIE piBHSIHHIO Jlamaca.

Piusanas (8.13) cyuacHa mareMatuuHa (i3vka HE PO3B’S3y€, a TOMY
PO3B’A30K 3ajaui MEPEXOJUTh 10 PO3B’sI3Ky piBHsAHHA Jlarutaca st oAHOPIIHUX
cepefoBuIl. A i 06J1acTi 11 po30MBalOTh HA YACTUHHU, JI€ Y = CONSt Ta 3HaXOAATh

HOTeHI_IiaJ'I JJIIs KOXXHOI 3 OKpEMHX YaCTHUH.

8.4 MarepianbHi piBHIHHS JJIS AaHI30TPONHUX CepeI0BHII

AHI30TPOTHI CepeOBHIII — I1€ TaKl CEPEOBUIII, B IKUX (P13UUHI MTApaMeTpu

3aJIe’KaTh B1J HAMPSMKY 1X BUSHAUYCHHS B CEPEIOBUIIIAX.

j=vE
D =cE (8.15)
B =uH

PiBusinua cucremu (8.15) cmpaBemiuBi Juisi  OyIb-IKUX OJHOPITHUAX
130TPOIHUX EJIEKTPOMArHITHUX CEPEOBUII KPIM aHI30TPOITHUX.

Po3srnsHemMo HacCTynHy CUCTEMY PiBHSHB:

Il
<t

(8.16)

Wl 9]~
[l
Ty B

Il
= o,
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Hait61y1p111 BaXKJTMBOIO OCOOJIMBICTIO aH130TPOIHUX CEPEAOBHII € KYyT MIXK

BCKTOpaMH I10JIsA, 30KpEMaA, KYyT MIK BCKTOPOM CJICKTPHUYHOI'O IIOJIA Ta HliJII)HiCTIO

CTpyMy.

Posrnsnemo 3akon Oma 11 Takoro BUMAAKY Ta BHBUYMMO KapTHHKY
PO3MOUTY B OJHIN TIONIHHI.

B 1aHoMy BHIIAIKy BEKTOP J IPONOPIHHHI BEKTOPY Es pi3HIH CTeIeHi 1Mo
PI3HUM KOOPAMHATHUM HamNpsMKaMm, 10 J0Ope BUIHO 3 PUCYHKY.

Hexaii @ - cymapuuii KyT Mixk BekTopamu (puc. 7.6). [IpocropoBa kapTuHa

aHAJIOT1YHA IUIOIMHHIHA.

Puc. 7.6. KyT Mik BEKTOPOM €JIEKTPUYHOTO TOJIS Ta MILTBHICTIO CTPYyMY

PosrasineMo cuctemy piBHsIHB (8.16) B O1sIb1I 3araibHOMY ILJIaHI.

—

[Tpunyctumo, mo mone Bektopy E 3amano mo oci OX. Ile mone cTBOpUTH
BEKTOP J 110 BCiM KOOpIUHATHUM ocsaM. Te s came s obnacreii o ocam Y Ta Z.
X y Z
j’x = YaxEx j”x = yxyEy jmx = VxzE (8.17)
j’y = yyxEx j”y = Vnyy jmy = yyzEz

117

j’z = VaxEx j”z = szEy J 2 = VB
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Jiist Toro, o0 oTpuMaTH 3arajibHy KapTHUHY, IPUITYCTUMO, IO MOJI€ BEKTOPY

-

HAMpY>KEHOCTI eJIeKTpuYHOro mojisi E 3amaHe MOBUIbHO. I I[bOrO CKJIAJIEMO
ckianoBi Tabmutti (8.17) 3miBa HanpaBo. OTpUMaeMo:

Jx = VaxEx + yxyEy + VxzE,
jy = yyxEx + Vnyy + VyzEz (8.18)
Jz = VaxEx + szEy + V22 E;

PiBusaHs (8.18) BUpakaroTh cOO0I0 MaTepiajibHI PIBHSHHS JJIS BUIIAJIKY
aHI30TPOIMHUX cepenoBul. (s iHmMX piBHSIHB 3 cucTeMu (8.18) oTpuMyroThCS

aHaJIOT14HI BUKJIaAKH. B y3araJlJbHCHOMY BI/II[i JaHC piBHSIHHSI MOJKHAa 3aIlIucaTu:

J=7E, ne
Vex Vxy Vxz

y=Yyx Yyy VYyz (8.19)
Yzx  VYzy Vzz

Ileit TeH3op mpeacTaBisie cOO0I0 CUMETPUYHUM TEH30p JPYroro paHry. 3
JISIB’SITU BEJIMYUH, 1110 CKJIQJal0Th KOMIIOHEHTH T€H30pa, HE3IC)KHUMU € IIIICTh, a

caMce:

Yaxr Vyyr Yzzr Yoy = Vyxr Vaz = Vzxr Yyz = Vzy-

Bynp-sikuii TeH30p (CUMETPUYHMI) IPYTroro paHry Moke OyTH BiJHOCHHUM
no #oro oceil. Tpu niaroHanbHi KOMIIOHEHTH TEH30pY BH3HAYAIOTh T'OJIOBHI
HAIpPSIMKH, e TPU BKA3YIOTh MPOCTOPOBY OPIEHTAIIIIO ITUX HAMPSMKIB aHI30TPOTTIi.

S0 oci KOOpAMHAT CyMILIEH] 3 TOJJOBHUMHU HANpPSAMKaMHU aHI130TPOMii, TO

CUCTEMa JIIHIMHUX PIBHSIHB 3HAYHO CIIPOIIYETHCS Ta HAOyBa€ BUIY:

]:x = YaxEx
Jy = YyyEy (8.20)
Jz = VzzEz

Cniscrapmsitoun (8.19) 1 (8.20) MU ICTOTHO CHPOILIYEMO PO3B’SI30K
€JIEKTPOJMHAMIYHKX 3a/1a4. B TakoMy BUIaIKy BEJIUYMHH jy, jJ, 1], Oyaemo maru
JIUIIE 3 OJHUM IMJACTPOYHUM 1HJICKCOM.
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BusHauuMoO KyT MDK BEKTOPOM INIILHOCTI CTPyMy ] Ta BEKTOPOM

HaNpy>KEHOCTI eNeKTpUIHOro noJst E. Iy iporo po3risiHeMo cKajsipHuil 100yToK
mux BekTopiB. CyTo (i3MYHO — 1€ MOTYXHICTh EJIEKTPUYHOTO CTPyMy, sKa

dbopmymtoeTbes 3akoHoM Jxoyns-Jlenia.

p ZJ_)E = JxEx +ijy +Jj,E;, = |]—>||E>|COS(]_)'/E)'

Tozi cos(j, E) = 2 (8.21)

Jl1st oTpuMaHHS pO3B’SA3KY B 3arajJbHOMY BH/I1 HEOOX11HO B piBHAHHSA (8.21)
niacTaButy piBHSIHHA (8.18). [IpoTe, MOKHA CyMICTUTH 3 TIOYATKOM KOOPAMHAT 1
TOJ1 OTPUMAEMO:

Pxix + Pyly + PoiZ _
Vi 5 + N PRE + P3G + p2Z
YxEZ +VyEq+Y,EZ (8.22)

JE; +E3+E2 \/y,%E,% +YZEZ +Y2E2

COS(]??) =

3a Takoi MOCTaHOBKH MUTAHHS BEKTOP LIIJIBHOCTI CTPYMY BU3HAYAETHCS

7l = ¥ZEZ + y2EZ + v2EZ=y,.(¥) |E|. (8.23)
Jist BUOGODPY E MoXeMo 3amucary:
|E| = VpZiZ + pZjZ + p2jZ = pau (@) |j]- (8.24)
. _|E|  |p%jZ +p3j + p2jZ
paH (r) =715 = ) ) £
171 ji +Jjy +jz
HpOTeCOSCZ=j—x' cosﬁ=j7y; cosyijZ.

i

71

Tomy B KiHIIEBOMY BUTJISIII OTPUMAEMO:

|71

P (T) = \/p,%cosza + pjcos?p + pZcos?y. (8.25)
Omoice, onip anizomponHoz2o cepeoosuna 3aaedHcums 6i0 HaAnPAMKY.
[litnecemo niBy Ta mpaBy 4YacTHMHM piBHSHHS (8.25) A0 KBagpary Ta
BpPaxy€eMo, 110
Pan(T) * Yau(¥) = 1, Tomi
2

p2y2(Fcos?a + payZ,(F)cos?B + pzyi (F)cos?y = 1.
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BBCI[CMO HaCTyrIHi IIO3HAYCHHA:

X = Y,y COSQ;

Y = Yau COS B ;
Z = Y,,COSY;
x2 yZ ZZ
—+=+==1. 2
V£+V§+sz (8.26)

Ile dopmyrna TpUBICHOTO ENINCOiy, SKUI B JAHOMY BHUIIaJIKy HOCUTh Ha3yB
CNIMCOiMy TPOBIMHOCTI. SKIIO TPOBIMHICTH aHI30TPOIHOTO CEPEIOBHUINA B
3aJlaHOMy HamnpsIMKy 300pakyBaThd B SIKOCTI MPOMOPIIMHUX BIAPI3KIB, IO
MIPOBEJICHI Y BIAMOBIIHOMY HampsIMKy, TO X, Y, Z OyAyTb MPEJCTaBISATH COOOIO
MIOTOYHI KOOPJIMHATH KIHIIIB IIUX BIJIP13KIB.

Bu3HAYUMO IOBKHHY T-BEKTOPY, IO IPOBEAECHHH 3 LEHTPY €JICOImy 10

JIOBUIBHOI TOYKU Ha 11 TOBEPXHI:

|7|=yx2 + y2 + 22=y,,(F)y/ cos?a + cos2 + cos2y = y,, (7).
TakuM YUHOM, MPOBIJHICTH aHI30TPOIMHOIO CEPEIOBUII MOKHA BUSHAYUTH
SK paJilyC eNIIncy, o0 TPOBEACHUM 3 HOT0 LIEHTPY, 10 TOBLILHOT TOYKHA Ha HOTO

MOBEPXHI.
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9. OCHOBHI PIBHAHHA 3MIHHOTI'O
EJEKTPOMAI'HITHOI'O ITOJIA

3MiHHE €JIEKTPOMAarHiTHE MojJe — 1€ CYKYNHICTh 3MIHHHUX Y 4aci Ta
B3a€MOIIOB’SI3aHUX €JIEKTPUYHOTO Ta MArHITHOTO MOJIiB. BOHO BU3HA4a€eThCs 1BOMA
BEKTOPHUMHU BEIUYMHAMHU — HAIPYXKEHICTIO EJIIEKTPUYHOTO MOt E ta
HAIPY>KEHICTIO MarHITHOTO ITOJIS H [2-4, 7].

3MIHHE €JIeKTPOMAarHiTHE MoJje — 1€ BUJ MaTepii, IKOMy IpUTAMaHH] €HEepris,
Maca, KUIbKICTh PyXy, 1 BOHO MOK€ IMEpPETBOPIOBATUCS B 1HII BUIU Marepii Ta
CaMOCTIIHO ICHYBaTH y BUTJISAJII €IEKTPOMArHITHUX XBUJIb.

@dyHIaMEHTaJIbHI 3aKOHU E€JIEKTPOMArHeTU3My MpPEACTABJICH] Y BH/II PIBHSIHb

Maxcseiia.

9.1. CTpyM 3MileHHS

: : : : 0
Jlist 3MIHHUX y 4aci MpoIEciB, M0 MOXHA OINUCATH PIBHSHHAM B_!t) * 0,
. . .o d . . = .
PIBHSIHHS HemepepBHOCTI div] = —d—l: HECYMICHE 3 PIBHSIHHSIMU gﬁl Hdl=1 i

= . o
rotH = j [2-4], mo BHpa)aroTh 3B’SI30K MArHiTHOIO MOJIS Ta MOCTIHHOIO CTPYMY.

e . . . - . . . =
B niiicHOCTI, SIKIIO B3SITH IMBEPTEHIIIIO B1Jl BEIWYUHU 1ot H i f y PIBHsSHHI TOotH =

7, MaeMo
divrotH =0 = divy,

. . . . .. 5}
TOA1 AK 3a P1IBHAHHAM HCTICPCPBHOCTI B JI1B1M YaCTHHI1 PIBHAHHA Ma€ 6YTI/I a—f

Pa3om 3 TuM, y BHUMNAJKy HE3aMKHEHHMX CTPYMIB HEpPIJIKO MOXHa BUOpaTH
MOBEPXHIO S, siKa CIUPAETbCs HAa KOHTYp | Tak, mo0 BOHA He TNepeTHHaIa

MPOBIIHMKIB, K1 IEPEHOCATH CTPYM, SK 1€ 300pakeHo Ha pucyHKy 9.1.
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Sz
C
!
|
Puc. 9.1]lo Bu3HauUE€HHS CTPYMY 3MIIIECHHS

JlificHO Yepe3 MOBEPXHIO S;, sIKa CIIUPAETHCS Ha KOHTYP |, cTpyM MpoxouTsh, a

yepes S, IO CIIUPAETHCS HA TOM K€ KOHTYP — HE MPOXOAUTH, L0 IBHO MPOTHUPIYUTH

,
3aKOHY IIOBHOTO CTpyMy TotH = 7J.

J171s1 y3ro/pKeHHs BIJ3HaUYE€HUX NPOTUPId MakcBeuioM 0yJI0 BBEIEHO MOHATTS
CTpyMY 3MillleHH. Cmpym 3miugeHns — ye 3minHe y 4aci eJleKmpomazHimue noJie

Midxe ooKknaounkamu konoencamopa C [2-4]. HasgBHiCTh cTpyMy 3MIIIICHHS MOXKHA

TIYMa4uTH $K J€JKy «IONpPaBKy», sIKa TMPUBOAUTH PIBHIHHSA rotH = Jy
BIIMOBIJHICTh 13 3aKOHOM 30€pEeXEHHs 3apsiay, KOJU PO3TJSIal0ThCA 3MiHHI
IIPOLIECH.

MakcBet 3anpornoHyBaB pO3IISAATH Bl CKJIAJIOBI IOBHOTO CTPYMY: CTPYMY
MPOBIAHOCTI T CTPYMY 3MIILICHHS:

.]_)HOBH. = jl'[p +_]_)3M.’
MPUYOMY CTPYMH 3MIIICHHS €KBIBAJICHTHI CTPyMY MPOBITHOCTI B TOMY CEHCI, 110
BOHH TaKOX 30ypIOIOTh MarHiTHE IOJIE.

JIiH1i TOBHOTO CTPYMY € HETIEPEPBHUMH:

—

- - oD
Jnosu. = Jup. + at" (91)

®di3uvHO e 03HaYae, M0 Ha MEXI MPOBIIHOTO CEPEAOBHUINA Ta JICICKTPUKA

CTPYM TMPOBITHOCTI NMEPEXOAUTh Y CTPYM 3MIllIEHHS. Bi3bMeMO JUBEPreHilito Bij
060X YacTHH piBHsHHA TOtH = ], . Toxi
diVjyopn, = divjy, + div],, = div rotH = 0.
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OcTaHHE pIBHSAHHS CBIIYUTH, 1110 N0JIE TIOBHOTO CTPYMY 1030aBJIEHE BUTOKIB.
CTpyMu MpOBITHOCTI 3 OJHOTO OOKY, Ta CTPYMH 3MIIIEHHS B BaKyyMi, 3 1HIIOTO,
MPEACTABIAIOTH COO0I0, 32 3MICTOM, ICTOTHO pi3H1 (Pi3uyHi MOHATTSA. CrinbHA TXHS
XapaKTepUCTHKA — BOHU OJJHAKOBUM YMHOM 30ypIOIOThH MarHitTHe nouie. [Ipore B ycix
IHIIUX BIJHOLIEHHSX 11 CTPYMH pPI3KO po3pi3HsAt0TheA. Cama iCTOTHa Pi3HUII
HOJIATa€ B TOMY, IO CTPYM IPOBIJHOCTI — 1€ PyX €IEKTPUYHHUX 3apsidiB, TOMl SIK
«YUCTHID CTPYM 3MIIIEHHS — CTPYM 3MIIIEHHS y BaKyyMi — BiJIOBIAA€ JIUIIIE 3MiH1
HAIpPY>KEHOCT] €JIEKTPUYHOrO MOJIS Y Yaci Ta HIsIKUM pyXaM eJeKTPUYHUX 3apsiiB
a00 1HIIKUX YaCTUHOK PEYOBHHHU HE CYIIPOBOKYETHCS.

CtpymHu 3MIIIEHHS HA BIAMIHY BiJl CTPyMIB IPOBIAHOCTI HE CYIPOBOKYIOTHCS
BUJIUICHHSAM JIKOYJIEBOI TEIUIOTU. Y BUNAAKY CTPYMIB 3MILIEHHS y BaKyyMi — L€
oueBH/IHO. JlaHe TBEpIKEHHA CHpaBEAJUMBE 1 A CTPYyMIB 3MILIEHHS B
JEJIEKTPUKAX, NI1eIEKTPUYHA MPOHUKHICTh SIKHUX HE 3aJI€KUTh Bl TEMIEpPATypH.
JI71st 1HIIUX THUIIB JIEJIEKTPUKIB CTPYMH 3MIIICHHS CYTPOBOIKYIOTHCS TEITLLIOBUMU
epekramu. Ilpore BumieHHs Tema TYT HNIANOPAIKOBYETbCS  1HIIUM

3aKOHOMIPHOCTSIM, HIK MPU BUILIEHHI JHKOYJIEBOTO TETLIA.
9.2. llepuie piBussHHs MakcBesia

[Tpunyctumo, 110 B piBHIHHI rotH =J BEKTOD ] € TIOBHHM CTPYMOM, y SIKHii
BXOJISITh 1 CTPYM 3MIILEHHS, 1 CTPYM MPOBITHOCTI. SIK OyJ0 BCTAHOBJIEHO LIEH CTPyM
€ COJICHOIJaJIbHUI BEKTOP

divjﬂOBH. = 0.

[TincTaBUMO 11€H BEKTOP Y PIBHSIHHS rotH =

-

oD

rotH = Jup. + Fr

(9.2)
CmiBBigHomieHHs (9.2) BimoMo mij HA3BOIO MepuIoro piBHsiHHsA MakcBesia

B audepennianbHiii Gopmi. Moro 3micT momsrae B Tomy, mo Gyap-siKka 3MiHa

CJIEKTPUYHOT IHAYKIIT B Yacl B ACSAKii TOUIl 10JIsI (TOOTO BUHUKHEHHS B HIM CTpyMY
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3MIIIIEHHS), OAHAKOBUM YHHOM, SIK 1 CTPyM IMPOBIAHOCTI, BUKJIMUKAE B MM TOYII

BUXOP MarHiTHOTO MOJIS (rotﬁ ). Sk1110 cepenoBHIIE OJHOPIIHE 1 130TPOIHE, TO € =
const 1 Toxi

o5 _ ok

at at’

IaTerpyroun piBHAHHA (9.2) M0 IEsIKiM MOBEPXHI S, 0 CIIUPAETHCS HA KOHTYP

I, i BUKOpHUCTOBYIOUM Ppopmyrry CToKca, MAaEMO

— - > aﬁ - — >
[y rotHdS = [ (jup. +57)dS = § Hal.

Takum 4rHOM,

- > > aB -
§ Hdl= [, (Jup.+5;)dS. (9.3)
PiBHsiHHSA (9.3) — iHTerpanbHUil aHajor piBHSHHSA (9.2) — mepuie piBHSAHHSA

MakcBeJsuia B iHTerpaJjbHii Gpopmi.

9.3. /Ipyre piBusanHa MakcBeia

BuaiiimMo B 3MiIHHOMY €IIEKTPOMArHITHOMY TIOJ ICSIKHA 3aMKHEHHIA KOHTYD .
VY BIANOBIJHOCTI 13 3aKOHOM e€JEeKTpOMarHiTHOI 1HAyKuii ®apages 3MIHHUN

MarHiTHU# nmoTik @, 110 MPOHU3Y€E KOHTYP, HaBEJIe B HhOMY €JICKTPOPYIIIHHY CHITY:

- > 66
e=¢ Edl=-= (9.4)

Bigznaunmo, mo mar"iTHui notik @ € moTokoM BEKTOpy B uepes MoBEepXHIO

S, sika cripaeThest Ha KOHTYD | (BuMmiproeThest B BeOepax [B6])

d = fs BdS, (9.5)
TOMY
- > a§ —
451 Edl = — | EdS. (9.6)
Ha ocnogi Teopemu Ctokca [1-3] KoHTypHHUIA iHTErpai B OCTAHHLOMY PiBHSIHHI
MoKe GyTH TIepeTBOPEHHH B TIOBEPXHEBHIL §) Edl=—] < rotEdS.
Tom
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- > a§ -
Js TotEdS —— [ —=dS = 0. (9.7)
PiBusuHSA (9.7) Mae BUKOHYBATHUCS MPU OYyJb-IKHX S, 110 MOXKJIMBO JIMIIEC B
TOMY BHUITQJIKy, KOJIM € PIBHUMH IIIIHTETpaabHI PYHKIIIT 000X 1HTErpaliB.

Takum umHOM,

= B
rotE = PTS (9.8)

PiBusuus (9.8) — apyre piBHsiHHA MakcBesia B audepeHnianbHii Gopmi.
3 HBOTO CIiy€, IO TPOCTOPOBI 3MIHU EIEKTPUYHOTO IO Ti YacOBI 3MiHU

MarHiTHOI 1HAYKIIT B3aeMOmoB’si3aHi. Lle piBHSHHSA J1a€ JTOKaIbHY XapaKTePUCTUKY
€JIEKTPOMArHITHOTO TMPOIIECY: HOMY 3aJI0BOJIBHSIIOTH (PYHKITIT E i B B nesxiii Touwi
MIPOCTOPY B BU3HAYCHUI MOMEHT 4acy 1.

OmnepaTop 4acoBOro IH(EpEHIIIFOBAHHS d / ot B npaBiii YacTHHI pi1BHIHHA (9.6)

MOXHa BHHECTH 3a 3HAK IHTErpaly, OCKUIbKM OOpaHUi KOHTYp BBa)KaeMoO

He3MIHHUM. OCKUIBKM caM IHTETpall 3aJIeKUTh TUIBKH BIJlI 4acy, TO CHMBOJ
YaCTKOBOT MOX1HOT d / 5t MOXKHa 3aMIHUTHU Ha d/ dr- B pe3yJbTaTl CHiBBIIHOIICHHS
(9.6) HaOyne BUTTISTY:
§ Edl=-2[ BEds. (9.9)
l dat s
PiBHsiHHA (9.9) 3BHMYaliHO HA3MBalOTH APYrMM PpiBHSAHHAM MakcBe/uia B
iHTerpaJjabHiii popmi.
3HaK «MIHYC» B TIPaBiil YaCTUHI1 Ipyroro piBHIHHS MakcBesuia (K 1y hopmydi

(9.4)) NOSICHIOETHCS TIEKO 0OCTABUHOIO, III0 B OCHOBY MOKJIaJICHO MPABUJIO TIPABOTO

rBuHTa. SIKIIO0 00epTaTu MpaBWii TBUHT TaKUM YHWHOM, IO JOAATHIN HAMpPSIMOK
BEKTOPY Mar”iTHOI 1HAYKI1 B B I€SKii TOYIl TPOCTOPY MPHU 3pOCTaHHI 1IHIYKLIT B
HI{ CIIBNAJa€ 3 HANPAMKOM pPyXy KIHIS TBHUHTA, TO JOJATHIA HANPSMOK JJIs

. . ee =
BEKTOPY HAMPYKEHOCTI EIEKTPUYHOTO MOJISI IPH CKIAJaHHI LUPKYJISIIi BEKTOpYy E

B310BX HECKIHYECHHO MaJIoro KOHTYPY, IO OTOYY€ IO TOUYKY 1 JISKUTH B HJ'IOH.II/IHi,

sKa NepHeHANKYJIIpHa BEKTOpY B, criiBnaiae 3 HAIpsIMKOM 00€pTy TOJIOBKU T'BUHTA.
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9.4. JluBepreHuis BeKTOPiB MOJIsI

[lepuie Ta npyre piBHAHHA MakcBemia B nudepeHmianbHid GopMmi 3a7at0Th
TIIBKM BHXOPH TOJA, SKi HE MOXYThb ONUCATH WOTO OAHO3HA4HO. [l 1poro
HEOOX1HO W€ BHU3HAYUTH, YOMY JOPIBHIOIOTH kepena mnoist. OOuuciumo

CTHOYATKy JTUBEPrEHIII0 MArHITHOTO TOJIS.

—

- aD

rot H —]np_+a

= dB '
rotE = ——
ot

3 LI€I0 METOI0 3aCTOCYEMO OIEPAI0 «JIUBEPreHLIsH 10 IPYroro piBHSIHHS
Makcemia. OCKUIBKM TUBEPTeHIlIss POTOPY AOPIBHIOE HYJIO, TO 3 piBHAHHSA (9.8)

ciiaye, 1o

. OB
div — = 0.
at

[TomiHsseMO MicIIIMM OTieparlii AMBEPreHiii Ta d / ot TOI
0 .=
adw B =0. (9.10)

OcTaHHE piIBHAHHS 03HAYAE, 110 B KOKHIN TOYII IpOCTOpY div B mae nocriitue
3Ha4eHHS. OCKIUJIBKY 1S BJACTHUBICTD 3AIMIIAETHCS CIPABEITMBOIO JJI OYIb-SIKOTO
1oJis B Oy1b-IKUH MOMEHT Yacy, 115l KOHCTaHTa Ma€ OyTH piBHOO HYII0. OTpUMY€EMO
oJiHE 3 PyHIaMEHTaIbHUX PIBHSIHB €JIEKTPOMArHITHOTO TOJIS

divB = 0. (9.11)

BianoBigHO 10 OCTaHHKOT PIBHOCTI, MardiTHE MoJjie He Mae Jpkepel. PiBHAHHS

(9.11) — audepenmianpaa hopma Teopemu ["ayca 1yIst MArHITHOTO TTOJIS.

O6uncIMMO B MOJANBIIOMY AMBEPTEHII0 BEKTOpY D, BUKOPHUCTOBYIOUU
nepiie piBHIHHS MakcBesia. 3aCTOCOBYIOUM OMEPAIi0 «IUBEPreHIIish JI0 JIBOI Ta

MPaBOi YaCTHUH PIBHSIHHS, 3HAXOIUMO

div (] + g) = 0. (9.12)
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3MIHIOIOUH MOPSATOK AU(EPEHITIFOBaHHS 110 MMPOCTOPOBUM KOOPJIMHATAM 1 TIO

yacy, npeacrtaBumo piBHsSHHA (9.12) y dopmi divf+%divl_5 = 0. bepyun no

- 2
yBar, 1o divj = — a—i, MOJKHA 3aIliCcaTH
ap 0 =~
1 divD = 0. (9.13)

Ockinbku piBHAHHS (9.13) Mae 3amumaTucs crpaBeUIMBUM ISl OYyIb-sIKOTO
3MIHHOTI'O B Yaci Ta MpOCTOPi MOJIsI, MAaEMO:

divD = p. (9.14)

PiBusinus (9.14) — naudepennmianbna ¢opma Teopemm Tayca s
€JIEKTPUYHOTO TOJISI.

BianosinHo 1o piBHAHHSA (9.14) auBepreHuist (PO3XOMKEHHS) €IEKTPHUYHOI
IHIYKIT TOPIBHIOE HIUTHBHOCTI 3apsily p. 3a 3MICTOM MOHSATTS PO3XOJKEHHS — 1€
O3HaYae, 1110 BEKTOPHI JIiHiT D MOXYTb IOUYMHATHCA 200 3aKIHUYBAaTUCA TUIBKU B TUX

Toukax mnpoctopy, e p # 0. «Jlxepemamu» (BUTOKaMHU) BEKTOPHUX JIHIN D
CIYTyIOTh JOAATHI 3apsaud, a crokamu — Big'emHl. Chig 3a3HAYUTH, IO D
BUMIPIOETHCS B KyJIOHAX Ha KBaJ[paTHUN METP.

Pisusust divB =0 ta divD = p Ha3WMBaIOTh BIANOBIAHO TPeTIM |

yeTBePTHM  pIBHAHHAM  MakcBemia.  3acTocoByroum  Teopemy [ ayca-

OcTporpaicbKoro 10 KOKHOTO 3 IIUX PIBHSIHb, 3HAXOJUMO IX IHTETPpaJIbHI AHAJIOTH:

J; BdS =0, (9.15)
J, DdS=q, (9.16)
neq= [, pdV. (9.17)

€ MOBHUH 3apsi B 00yacTiV, 1m0 ooMexeHa MOBEpXHEIo S.

Boueguow, noenuii 3apsao 6 06’emi N eumiprocmuvca nomokom eieKmpudHoi
iHOYKUIT uepe3 o020 3amkHeHy noeepxhuio S. Axwo inmezpan (9.16) oopisnroe
HYJ110, Ye uie He 8KA3Y€ Ha 8IOCYmHICmb 3apAa0ie 8 00’ emi \: mosxciueo, 0ooamui

aoo 6i0’emHui 3apaou 83aEMHO YPIBHOBANHCYIONb 0OUH 0OHOZ20.
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Homix maznimnoi inOykuii Kpizo 0yO0b-AKy 3AMKHEHY HOBEPXHIO 32I0HO 3

pisnuannam (9.15) 3aexcou oopientroc nynwo.

9.5. IloBHa cucrema piBHsIHb MakcBeia

Po3risiHeMo MOBHY cHCTeMy piBHSIHB TeOpii enekTpoMarHetusmy. Lle Bigomi

YOTUPH PIBHAHHA MakcBeIIa 3 YaCTKOBUMH MOX1THUMHU:

—

rotH =] + Z—D, divD = p
o5 t ~ , (9.18)
rotE = —= divB = 0.
Ta MaTepiaJIbHUMU CITIBB1IHOIICHHSIMU
D =eeyE, B=puu,H, J=vE, (9.19)

K1 BCTAHOBJIIOIOTH 3B’SI30K 1HAYKIIIH D, B i winbHicTh CTPyMy IIPOBIJTHOCTI 3
HaIpy>KEHOCTSMH ITOJIS EiH. Bingznaunmo, 110 Ha BiAMIHY BiJI piBHSIHb MakcBeiia
(9.18) matepianbHI CIIBBIIHOUIEHHS HE € HAWOLIbII 3arajJbHUMU (YHIBEPCATIbHUMMU )
PIBHSIHHSIMU €JIEKTPOMAarHiTHOT Teopli.

Axmo 3amiauTH piBHAHHA MakcBemia (9.18) iXHIMH IHTETrpaJIbHUMHU

CIIBBITHOIIICHHSIMH, TO OTPUMAEMO:

— —>_i — _
$ Hdl __)dif fds + jds, Js DdS = q, (9.20)
§ Edl==[ Bds, [, BdS=o,

CUCTEeMYy pIBHSIHb MakcBesuia B IHTErpajibHIN (HOpMI, sIKa pO3TISAIAETHCS Pa3oM 3
MaTtepianbHUMU piBHAHHAMH (9.19).

[{i7kOM 1CTOTHO, ICHYIOTBh CEpEIOBUIIIA, IS sIKUX PiBHAHHS (9.19) MatoTh OyTH
3aMiHCHUMH 1HIIUMH, OLJIbII CKJIaJIHUMHU MaTepiaIbHUMU PIBHIHHIMH [2, 4]. Pazom
3 piBHsSHHSAMU (9.18) BOHM 3HOBY YTBOPIOIOTH MOBHY CHCTEMY DIBHSHB TEOpil

€JIEKTPOMArHETU3MY.
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9.6. PiBHsinns MakcBe/ula Ta KJIACH €JIEKTPOMATHITHUX SIBHIII

[Tepexin Bix piBHSHBP MakcBeiia 10 PIBHAHb, IO OMUCYIOTh YACTKOBI KJacH
CJICKTPOMArHITHUX SBUII, BUKOHYETHCS IIUISIXOM HAKJIAJAHHS BIJMOBITHUX
oOMexeHb. Tak, MOKJIaBIIM PIBHUMHU HYJIIO BCl YaCOBI MOXi/AHI B piBHAHHSAX (9.18)
ta (9.20), MOXXHA TIEpPEHTH 10 ENIEKTPOAMHAMIKH CTaIliOHApHUX CTpyMiB [2, 4].
Cucrema piBHsiHb MakcBeia (9.18) B upomy BUNaaKy HaOyBae BUIY:

rotE =0, rotH=0,
divD = p, divB =0, (9.21)
D =eg,E, B = uu,H, j=yE.

B npuBeneHiii cucteMi piBHSIHb y JIIBOMY CTOBITYUKY 310paHi BEJIMYUHU, 1110
XapaKTepU3yIOTh CIIEKTPUIHE T0JIe, a B IPAaBOMY — MarHiTHE.

SIkio mie Ginblle 3By3UTH KJac MOJiB, nokiasinyu J = 0, To aiBuil i mpaBuii
CTOBMUMKU B PIBHAHHAX (9.21) craroTh He3aleXHUMHU OAHE BiJ onHoro. lle
PIBHSIHHSI €JIEKTPOCTATUKH Ta MarHITOCTATUKHU BIIMOBIJIHO. [CTOpHYHO cTalllOHapHI
Ta CTATUYHI MOJs OYJIU JOCTIIKEH1 paHillie MoJIiB, K1 3MiHH1 Y 4aci.

3MIHHI  elleKmpomMazHimHui noaa (npouecu), w0 30epicaromsv pucu
CMAUiOHAPHUX, HA3UBAIOMbCA KEA3ICMAUIOHAPHUMU.

YMoBa KBa3iCTalllOHAPHUX CTPYMIB NPEACTABISAETHCS Y BUIl [2-4]:

E<<]

Ta BU3HAYA€ 3HAUYHY MIEPEBaAry CTPyMiB MPOBITHOCTI HaJl CTPYMaMH 3MIIIEHHS.

Cucrema piBHsiHb MaxkcBeiia (9.18) ais kBazicTalliOHapHUX CTPYMIB Ma€ BU/L:
. -

divB =0,

rot E = 35 divE = (9.22)

rotH =

W <

—

N - —
J=VYE, B =uueH.
B piBHSIHHAX OCTaHHBOI CHCTEMM BpaxoBaHa Ta OOCTaBMHA, 110 00 €MHHUU
3apsl p B MPOBITHOMY CEpeloBUIII BiACyTHIA. HaBiTh y TOMy BUIAIKy, SKIIO B

JesikoMy 00’€Mi BiH 1 1CHY€ B I€AKHI MOYaTKOBUII MOMEHT 4acy, TO B IPOBITHOMY
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Cepe/oBUIIl BiIOyBaeThCs HMOro IMIBUAKA perakcailis (posmam). Yac pemakcarii
3apsTy B MPOBITHOMY CEPEIOBHII 3BUYAHHO JIOCUTh MaJIUii.

Y ToMmy BUMNAAKY, SKIIO CTPYMH 3MIIICHHS 3HAYHO OUIBII 3a CTPyMH

MIPOBITHOCTI
aﬁ»%
ot
Maemo cucteMy piBHSIHb MakcBeIa XBHIIbOBOT CICKTPOIUHAMIKHY:
—~ 9D
J rot H =50 div D = p,
= B .=
rot E=~32, divE =0, (9.23)

Halnuxenuii xapakTep IUX MiIXOA1B ILJIKOM OYEBUIHUIA.

9.7. EneKTpOMArHiTHI 0J151 B OJHOPiTHUX CepeJOBHUIIIAX

3anumiemMo piBHSHHS MakcBesia i OJJHOPITHOTO 130TPOITHOTO CEePEIOBHIIA
[2, 4], ToOTO B pUMyIIICHH] € = £,€, = const, U = UzElUy = CONSt.
BpaxoByroun, mo
— e - -
D = ¢E; B=uH; J=yE,
1 BUHOCSYM MOCTINHI KOEPIUIEHTH € 1 | 3 MiJ 3HAKY JU(EepeHIIIOBaHHs, 3 PIBHSHb

(9.18) 3naxoaumo:

rotH=yE+ea—; divH = 0;
. i . (9.24
roth—uE; divE = 0.
[I{inpHICTD BUIBHUX €JEKTPOHIB (€ICKTPUYHUX 3apsi/IiB) Y PIBHIHHI div D= p
NpuUMeMOo JIJIsi OJHOPITHOTO MPOBIAHOTO CepeAoBUINA PiBHIN HyI0. JlificHO, st

BUIAJIKY TIPOBITHOTO CEPEOBUINA HAa OCHOBI meprioro piBHSHHS (9.24) mMoxHa

3arnmcaru:

divrot H = ydivﬁ+e%div§ = 0.
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. . . = .
3 BpaxyBaHHSM CHiBBiIHOWIEHHS diVE = g OCTaHHE PIBHAHHS IEPENUILLIEMO

MO-1HIIOMY:

4 dp .
- -— = 3B1KHU
-p +—-= 0,381

dp

—_Y a _ _Y
— = gp,a60p— Sdt (9.25)

[HTEerpytoun OCTaHHE PIBHAHHSA, 3HAXOJUMO

b4 _t

p = poe s =poe = (9.26)

€ . o
Aie T = - — ¥ac penaKcani 3apsy, BAMIPSHHH B CEKYHIAX;

Po=CONSt — NIIbHICTh BUIBHUX 3aps/iB, AKa ICHyBaJla B IOYaTKOBUIA MOMEHT t = 0.
Sk cnigye 3 piBHsAHHA (9.26), BenuuuHa p 3 01rom 4acy mBHIKo 3HUKae. 1106
BIIEBHUTHCS B IIbOMY, B SIKOCTI PUKJIATy OL[IHUMO Yac peJiakcallii T Jyisi IpOBIAHOTO

CCpCaoBHIIa 3 ITIapaMCTpaMu

g0,y = 1071 CM/

107° Om-1m-1 L
=% /36 (c-OM™ M) = 36m 107 o, 10-10.
Y 10-1(Om—1:M7 1)

10

BianoBigHO, WIIIBHICTh BUIBHHUX EICKTPUYHUX 3apsIiB JIOCHUTH IIBHIKO
NpsIMY€ 0 HYJIS, HaBiTh, 32 BITHOCHO HEBEJIMKOT MUTOMOT €JIEKTPUYHOI IPOBITHOCTI
cepeaoBUIIA.

Jlnst GaratbOX €NeKTPOAMHAMIYHMX 337a4 KOPUCHO PO3AUIMTH PIBHSHHS
Makcgenna (9.24), ToOTO OKpemMO 3amucaTd iX JJIsi €JIEKTPUYHOTO Ta MAarHiTHOTO
nmoiiB. 3 II€0 METOK 10 000X YacTWH Apyroro piBHsAHHSA (9.24) 3acTocyeMo

oreparop «rot», a MOTIM B OTpPUMAaHy PIBHICTb MiACTABUMO PiBHIHHS (9.24):

rot rot E + UE — o’ + ,uy— = 0. (9.27)

ot2

AHaNoOTivyHO, II0YM OIlepaTopoM «roty Ha meprie piBHSHHS (9.24),

ypaxyBaHHIM JPyroro, orpumyemo [2]:
rot rot H + ,ue + ,u]/— = 0. (9.28)

3 ypaxyBaHHIM BeKTopHo'l' TOTO>KHOCTI
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rot rotA = grad divA — A (o mivicHe nMIne sl MPSMOKYTHOI CUCTEMH

KOOpJIMHAT) 1 piBHOCTI div E=0, piBHsIHHS (9.27) MOXKHA TTepenucaTH:

= 9%E OE
AE — pe—— =y - = 0. (9.29)

-
[Tomi6H1 mepeTBOpEeHHS 3a JONMOMOTow piBHSAHHA div H = 0 [103BOJISIIOTH

npuBectd piBHAHHSA (9.28) 10 BUAY:

- 0%H oH

Pienannn (9.29) i (9.30), akum 3a00601bHAI0Mb 6eKMOPU €/1IEKMPUUHO20 MA
MAZHIMHO20 NOJI6 6 O0O0OHOPIOHOMY cepedosuuli, HA3UeAIMb 6 meopii

Mamemamuyunoi izuku menezpaprumu pi6HAHHAMU.

9.8. MojeJti eJieKTPOMarHiTHUX IOJIiB

[Ipu moOy10Bi TEOPli €NEKTPOMATHITHUX METOIB PO3BIJIKUA Ta T€OCIEKTPUKU
IIMPOKE 3aCTOCYBAHHS OTPUMAJH HACTYITHI MOEII €JIEKTPOMArHiTHHUX MoiB [2-4]:

® XBUJIHOBA;

e KBa3iCTalllOHAPHA,

® CTallioHapHa.

XBWIbOBa MOAedb. Jlerko Oauutu, mo npu g =0 (yMOBH 130J5TOPY)

tenerpadui piBHaHHS (9.29) Ta (9.30) MOXyTh OyTH NpeACTaBICHI HACTYITHUM
YUHOM:

9%H
atz

- 2g —
AE —ueZL =0, AH—ue

— 0. (9.31)

KBasicranionapaa moneab. B Tomy BUNAAKY, SIKIIO €IEKTPOMArHiTHI MO

3MIHIOIOTBCS B Yaci BIAHOCHO MOBLIBHO [2, 3], B piBHsAHHSX (9.29) 1 (9.30) MoxHa
3HEXTYBaTU JPYror0 MOXIAHOI MO Yacy B MOPIBHAHHI 3 MEPIIOI0 MOXIAHOI, B

pe3ynbTaTi Il pIBHIHHS HAOY Ty Th BU:

Aﬁ—ue;= 0, AH —pe— =0. (9.32)
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PiBusnHS (9.32) HOCSTH HA3BY PIBHSHB TUPY3ii.

KBasicraiionapHa MoJieib 3’SIBISETHCS B TOMY BUIAJIKY, SIKIIO B MEPIIOMY

. . . aD . .
p1BHsAHHI MakcBeiia 3HEXTYBaTU CTPyMaMHy 3MILIEHHS o 30epirarou MOXigHy

, . . . 0B
MarHiTHOrO HOJIs MO Yacy (TOOTO BPaXxOBYIOUH €JIEKTPOMArHITHY 1HIYKIIIO E) B

Ipyromy piBHsHHI MakcBesia.

Crauionapua mojaeab. CraiioHapHUM Ha3MBAIOTh €JIEKTPOMArHITHE MOJeE,

110 HE 3aJICKUTh BiJT yacy (BCi TOXI1JIHI 110 Yacy JOPiBHIOIOTH HYIH0) [2, 3].

Bianosinno piBHsHHSA (9.29) 1 (9.30) 3anMCyIOTh TAKUM YHHOM:

AE =0, AH=0. (9.33)

Tomy craiioHapHi1 eeKTPUYHI Ta MarHiTHI MOJISl B OJJHOPIAHOMY CEpEI0BHIIII
3a BIJICYTHOCTI CTOPOHHIX CTPYMiB 33JJOBOJIbHSIIOTH PIBHSHHSM Jlaraca.

PiBusians (9.31) — (9.33) — ne knacuyHi piBHAHHS MateMaTHyHOI (izuku. [Tpu
npomy piBHSIHHS (9.31) 1 (9.32) onucyroTh Tak 3BaH1 HecTallloHapHI (TepexiHi)
MIPOIIECH, PO3B’SI30K SIKMX 3aJICKUATHh ICTOTHO BiJ TOYAaTKOBHX YMOB. SBHIa
BCTAHOBJICHOT PIBHOBAarM 3a BIJACYTHOCTI 3O0BHINIHIX JDKEPENl BUPAKAIOTHCS

piBHsHHsIMU Jlamaca.

9.8. 'pannyHi yMOBH /151 BEKTOPIiB 1M0JIs1

PiBHsiHHS MakcBemia MoCTyJlOBaHI i TOYOK TOJIA, B SIKUX CTPUOKH
CJIEKTPOMArHITHUX BJIACTUBOCTEW cepeaoBuina BifacyTHI. [IpoTe Ha Mexi Mix
riacTami (1apaMu) abo 001acTsIMU 3 piI3HUMU BIIACTUBOCTAMHU MapaMeTpaMu &, U, Y

MOKYTb 3MIHIOBaTHCS CTpUOKONIOAIOHO. [Tpu IbOMY 3TiHO 3 PIBHSHHSAMU 3B’ SI3KY

—

D=¢E; B=uHij=vyE

HEMHUHYY€ 3MIHIOIOTHbCS CTPUOKAMHM 1 JesiKi BEKTOPH €JIEKTPOMAarHiTHOro mnoss. B
pe3ynbTaTi B TOYKAX TpaHUIb MOy CEpeNoBUIN pIBHSIHHS MakcBemia B
nudepeHuianbHii  Gopmi  BTpayaroTh 3MicT. Tomy Juis  po3B’sI3Ky 3ajad

€JIEKTPOMArHiTHOI 1HAYKIII B 3emill HEOOX1AHO 3aJaTH T'paHUYHI YMOBH, TOOTO
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YMOBU CIPSDKEHHSI BEKTOPIB B JIBOX HECKIHYEHHO OJM3BKHUX TOYKaX, IO
3HaXOAAThCA IO PI3HI CTOPOHM BiJ MeEXl TMOAUTY CEPEelOBUI 3 PI3SHUMHU
CJICKTPOMAarHiTHUMU MapameTpamu [2-4].

Biaznaunmo, 1110 1HTErpaibHI aHAJIOTH AU(EPEHIIaIbHUX PIBHSHD MakcBeia
(9.20) 3a MaTeMaTHYHUM 3MiCTOM TaKi, [0 MOXKYTh OYTH 3aCTOCOBaHI 1 10 o0nacTei
(V1 §), mo BMIIIytoTh BecepennHi cebe MexXi, Ha SIKUX BEKTOPH IOJIA 3a3HAIOTH
po3puBy (puc. 9.2). BiamnosiaHo, I piBHIHHS MOXYTh OyTH BUKOPHCTaHI 1 Ha MeKax

O3y CepPEIOBHII.

&1, V1 M
€2, V2, Uz

Puc. 9.2. 1o cuctemu piBusHb (9.20)

ChopMynmroeMo TpaHWYHI YMOBH U HAHOUTBII BaXXITMBOTO HA TIPAKTHIN
BUIIAJIKY, KOJIM JIesKa TJajKa MOBEepXHs S posauisie nBa cepenoBuma (1) 1 (2), B
KOXKHIM 3 SIKUX MapaMeTpH &, |, Y TOCTIHI a00 3MIHIOIOTHCS BiJl TOYKU JI0 TOUYKH
JIOCUTH MOBUIBHO, TaK, 1110 B MAJIOMY OXPecTi Oy/1b-KO1 TOUYKH Ha TPAaHULIl PO3JLITY
OCTaHHIO MOKHa BBKATH IUIOCKOIO, a TapaMeTpy — HE3MIHHUMH.

[To3HaunMMO Yepe3 71 BEKTOP OAMHUYHOI HOPMAJI J0 TIOBEPXHi S B AaHiii Touri.

Bubepemo B okpecTi 1€ TOUKK Ha S JOCUTh Maliuil ef1eMeHT AS Ta o0y 1yemMo
Ha HbOMY eJIEMEHTapHUHN MUIIHAP BUCOTOO Ah, 110 3axorutroe oouaBi croponu. ITi

MNOHSATTAM <«JOCHUTh MaJIUW €JIeMEHT» po3yMmieMo, mo AS MoXHa BBaXaTu
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CJIEMEHTOM IIOBEPXHI po3aily S, a moje B WOro Mexax — OJHOPIAHUM B3JI0BXK
I'paHMIll B 000X CepeOBHUIIIAX.
Bu3naummo criovaTtKy rpaHrudHi YMOBH JJIs1 HOPMAJTHHIUX KOMITOHEHT BEKTOPIB

eJIeKTpoMarHiTHoro mojis. [IpuiiMatoun 10 yBaru piBHOCTI
— —
divB =0, divD =p, divj oes = 0. (9.34)
. =g —_— .
Binznaunmo, mo Bupasu 1 B 1 Jop,. ONHOTHIIHI.

BiamnoBigHo, 1 TpaHUYHI YMOBH JIJI1 HUX OyAYTh OJTHOTUITHUMH.

- .
PosrisitneMo koMnoHeHTy noJist B. 3a BU3HAYECHHSIM JUBEPTEHIIIS TIOJISI BEKTOPY

-

B B nmaniil Toulll MOJsi € TpaHUls (Mexa), 10 SIKOi MPsMYy€ BITHOIIEHHS MOTOKY

-

BEKTOpPY B Kpi3b NOBUIBHY IMOBEPXHIO, IO OTOYYE IO TOYKY, 0 00’emy AV,
oOMekeHOMY I1i€ro oBepxHeto npu AV — 0, ToOTo:

Js Bas _ (9.35)

div B = lim
AV—0 AV
BHaciiiok 0JHOPiTHOCTI MOJIs MOTIK BEKTOPY B Kpi3b BEpXHi 1 HIKHI TBIPHI

UMIIHAPUYHOTO 00’ €My Ta MOTro O1YHY MOBEPXHIO PIBHUHI

J; BdS = (Byn; + B;n;)AS + Ah [, B dl=0.

Bepyun 710 yBaru Ty oGcTaBuHy, 10 Ty = 1~ = —1, dl=ny dl Ta Ah - 0,
OTPUMYEMO

(B, 7; + B,n,)AS=0, 3Binxu Byn; + B,n; = 0 i Bignosixuo

(B, ~B)) =0

Takum YuHOM,

div B = (B, — B;)=0 (9.36)

3BijicH CHiaye, 10 HOpMajibHa KOMIIOHEHTa BEKTOpy B Ha Mexax po3iny

CEPEIOBHII 3aBXKIN HETlepepBHa:
—_—__ - —_—__ -
Blnl = Bnl = anz = an.
3 ypaxyBaHHSIM OJHOTHIHOCTI BUpa3iB st div B = 0Ta, divjye, =0

dbopmymy (9.36) MoxHa 3anucaTu:

(7 + 2 i + (5 + 22 5 = (9.37)
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3BiJicH CHiAye, 10 HOpMajibHa KOMIIOHEHTa HIIJILHOCTI MOBHOTO CTPyM Ha

MEKax pOSI[iJIy CCPCOAOBMUIII TCXK 3aBXKIU HCIICPCPBHA!
«2) )

]T,HOBH. - ]T,HOBH.
30kpema, nJIs CTalllOHAPHUX CTpyMmiB 3 piBHsAHHA (9.37) cmigye, 110

HEeTEePEePBHICTh, HOPMATBHOT KOMIIOHEHTH IIIBHOCTI CTPYMY ITPOBITHOCTI
+2) 1)

Ja= nosn. = I nos.’
3HaiigeMo Tenep rpaHuyHi YMOBH JIJIsl HOPMAJIbHOT KOMITOHEHTH BEKTOPY D:
divD WALLD
=p= hmT
3simku [, D dS = pAV, ne AV = ASAh.
AHAJIOT1YHO NONEPEAHBOMY 3aMHUILIEMO:
J; DdS = (Dyn; + Dynz)AS++Ah [, Dng di=(Ahp) AS.
Bbyaemo HeoOMexeHO 3MEHIITyBaTH BUCOTY HMWTIHIPY Ah Tak, 1100 Ha MEX1 IPU

Ah #i0oT0 TBipHI CHIBIAIH 3 €IEMEHTOM IpaHUYHOI MoBepxHi AS. OCKUIbKU pa3oMm 3

Ah mipssMyIO0TH 110 HyJis Ol4yHA TIOBEPXHSA Ta 00’€M HWIIHAPY, TO B OCTAHHHOMY

3HHMKA€ MOTIK BEKTOPY D Kpi3b OlUHY MOBEPXHIO UWIIHAPY Ta, 3/1aBAJIOCh O, Mae
3HUKHYTH 1 3apsig Aq = AVp. Tlpote, KO TMPUITYCTUTH MOKJIUBICTD 1CHYBaHHS
MIKPOCKOIIYHO TOHKOI'O IIapy 3apsAy Ha camiil TpaHUYHIN NOBEPXHI 1, BIAMOBIIHO,
bOMY BUAUIMTU B Ag J1B1 HOTO KOMIIOHEHTH (3apsau B 00’ €Mi Ta Ha TOBEPXHI), TO
TOJ1 3HUKJIA TIIBKU 00’ €MHAa HOTr0 YyacTHHA.

Takum ynHOM, OYyJIeMO MaTH:

A - —
divD = n(D, — D;)=a, (9.38)

e o = Algm (Ah p) —moBepxHeBa MUIBHICTD 3apsAAy. [HITUMU clTOBaMU, TOBEPXHEBA
-0

. =g . co . .
auBepresuis D Top1BHIOE MOBEPXHEBIN IIIIBHOCTI 3apsiay:

2 1)) —
Dn_’,HOBH. Dn_',HOBH._J' (939)
Ockimbkn D) i DU - 1I¢ 3HAYCHHS HOPMAalbHOI KOMIIOHCHTH
7, IOBH. 7, IOBH. I p
Dy 1opy. BEKTOPY D mpH mifxofi 0 MeKi po3finy 3 OOKYy APYroro Ta MepIIoro
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CEpeZIoBUIIA, TO, K JIErKO 0auuTH, HOpMajabHa KOMIIOHEeHTa D—— _ 3a3Ha€ TyT

pO3pUB, 1 BeJIMUKHA IILOTO PO3PUBY (CTpUOKA) JOPIBHIOE IMIIBHOCTI TOBEPXHEBOTO

3apsany o. 30Kpema, SKIIO TOBEpXHS po3ainy He Hece 3apsany (o =0), To

—
HOpMaJIbHAa KOMIIOHCHTA Dn—> HCIICPCPBHA.

,IIOBH.

OcTtanHto (opMyITy JIETKO NIEpENHCcaTH BITHOCHO HAMPY>KEHOCTI €IeKTPUUHOTO
nons E, 3aminuBmm Dy Ha € F;.
PosrisHeMo B moanbpIioMy rpaHUYHI YMOBH JTsl TAHTCHITIATBHUX (JIOTUIHHX )

KOMIIOHCHT BCKTOpiB nnoys. B ObOMY BHIIAJIKY 6YIICMO BUXOIUTH 3 (1)OpMYJII/II

. . ¢ axds
rotd = — lim =——

AVS0 AV (9.40)

0 BHM3HAYa€ POTOP BEKTOPHOrO MOJs d 3a JOIMOMOIOK BiIHOLIEHHS
BEKTOPHOI'0 MOTOKY 4epe3 (Kpi3b) 3aMKHEHY MOBEPXHIO /10 00’eMy, 0OMEKEHOMY
iero noBepxHero S npu AV — 0, B3SITOMY 3 IPOTHIICKHUM 3HAKOM.

Ha ocnoBi ¢popmynu (9.40) MoxKHa 3amucaTu:

- - N
L . $ ExdS 4B
rot E = — lim =———=—.
AV—0 AV dt
. g . . .
O06uKMCIMMO BEKTOPHUHN MOTIK BEKTOpPY E Kpi3b BEpXHIO Ta HUKHIO TBIpHI

HUIIHAPUYHOTO 00’ €My 1 oro 614Hy NOBEPXHIO. 3BaXKal0Yu Ha OAHOPIAHICTH MOJI,

MOJKHA 3aIlluCaTHn.

= (7 X E; +7; X E;)AS + AR [, (g X E )df=§ASAh,

Ockinbku dS = AdS; dl = ng dl.
CrpsimoBytouu 70 Hysist Ah, 3HAXOIUMO:
(ny x E,+7; XE ,)AS = 0, 3 ypaxyBaHHSM SKOTO OTPHMYEMO:
rot E =1 x (E,—E;) = 0. (9.41)
BexTopHuil 100yTOK HOpMali 10 TPAHULI PO3IUTY Ta Pi3HUII BEKTOPY E 1o

OoOHW/IBI CTOPOHU BiJl HET HA3UBAIOTh IOBEPXHEBUM POTOPOM.
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3 popmynu (9.41) ciigye, 10 TaHTEHIIAIbHI KOMIIOHEHTH BEKTOPY E 3aBxau
HEMEePEepPBHI TMpH TEPEeXoJl uepe3 MEXY PO3AULY CEPeAOBHUI 3 PI3HUMU
CJICKTPOMArHITHUMHU BJIACTUBOCTSIMU.

3HaiiiemMo Temep BIANOBIAHUN BHUpPA3 Il TAHTEHIIAJbHOI KOMIIOHEHTHU

—
BCKTOPY HAIIPYKCHOCT1 MAardiTHOT'O ITOJIA H. J_IIIOLII/I AHAJIOT'1YHO, Ma€MO.

oD

— . $ HxdS )
rot H=— lim =——= +—t,3B1,Z[CI/I

AV—-0 AV

3€ HxdS = *+a5 AV;
£ —\ e )7
—¢ HxdS=(nyxH +n; x H,)AS +Ah [ (g x H )di=

=(Ah )AS+(E AS).
[TpUycTHMO MOKJIMBICTh ICHYBaHHS Ha TPaHUIN MMOBEPXHEBOIO CTPYMY

npoBigHocTi. [loBepxHeBUil CTpyM Ha S — IIe TAKOro e PoJly MaKpOCKOIIYHa

abcTpakilis, sIK 1 MOBEpXHEBUH 3apsj. BiH XapakrepusyeTbes MIIbHICTIO:

Y
= llmﬂno,

€ Ty —OJMHUYHUI BEKTOD, AKMH BKa3y€ HAIPAMOK CTpyMy, a Al — eneMeHT Jinii,

110 MEPETUHAETHCA CTPyMOM Al neprneHANKYISIPHO.

[TokmnaBmu
A%TO(Ah N=i(A/m),
3HAXOIUMO
Aliyzlo g H><dS=n><(H2—H1) =1,
TOOTO
rot H=1x (Hy,— Hy) =1. (9.42)

PiBusinns (9.42) - 3akon bio-CaBapa /i1 TOBEpXHEBUX CTPYMIB.
SIK BiZIOMO, LIiIBHICTH IIOBEPXHEBOIO CTPYMY L BiIMiHHA Bij HyJIs TiNbKU Ha
MOBEPXHI 1JCIbBHOTO TIPOBIJHUKA. Y BHIIQJIKy pEaJbHUX CEPEIAOBHIN MOXKHA

3armcaru:
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ED W = g, A® D = o, 0.43)

JC iHI[CKCOM T IIO3Ha4YCHA OJOTHUYHa OO S xommoHeHTa mous. [HImMMM CJIOBaMU,

—

0OMUYHI CK1a006i 6eKMOpy MazHimnozo noas H nenepepeni na mesxci po3oiny

—

PpeanvHux cepeoosuny, a OOMUYHI CK1aA006i 6eKmMopy ejeKmpuunozo noasa E
HenepepeHi Ha MeXcl 0Y0b-AKUX cepedosuly.

Takum YMHOM, YMOBH CIIOJYUYEHHS Ha IJIOCKIA MEX1 pO3MIiTy CepeAOBHII 3
pi3HUMHU (PI3MUYHUMU BIACTUBOCTSIMU BHUPAKAIOTh HEMEPEPBHICTH TaHTEHIIaIbHUX

KOMIIOHEHT HaIpyXEHOCTl €JEKTPUYHOro Ta MarHiTHoro mno’iiB. HopmanbHa
CKJIa[|0Ba MarHiTHOI 1HAYKIIi B HenepepBHa NpH MEePeXo/l Kpi3b TPAHUIIIO PO3ALLY
CEepEeIOBHILL, a HOpMaJlbHa CKJIaJI0Ba €JIEKTPUYHOI IHAYKIIT D 3a3Hae po3puBy, SKUN

JIOPIBHIOE TTOBEPXHEBIHN HIIIHLHOCTI €JIEKTPUYHOTO 3apsly. B 3araiibHOMy BUIAJIKY,

[l YMOBH CIPABEJIMBI 1 HA KPUBOJIHIMHUAX MEXaxX PO3ILIY.
9.9. EnekTpoanHaMivHi moTeHmiaau

B 3agauax eneKTpoAMHAMIKM TPaJAMIIIHO BHUKOPUCTOBYIOTHCS TOMOMIKHI

—

GYHKIIT — eNeKTpoAMHaMIYHI moTeHIianmn [2-4]: BekTopHHME moTeHIianl A i
CKaJISIpHUH TIOTEHIIIAI .

1106 BBECTH 10 pO3MIISIAY LI MOTEHIIATN 3BEPHEMOCS O CUCTEMH PIBHSIHb
MakcBena Ta MarepiaJibHUX CHIBBIIHOIIEHb. L[iIkOM OYEeBHUIIHO, 11O PIBHSIHHSA

divB =0 Oyzie 3a10BOJIBHATHUCS, SIKILO MMOKJIACTH:

=g — o d 1 —

B=rotA abo H = m rot A, (9.44)
ockinbkn div rot A = 0.

—

: = : = 0B
[TincraBnsitoun 3HaueHHs B 3 (9.44) B piBHsiHHS 70t E = 572 OTPUMYEMO

= 04
rot (E + E) =0 (9.45)
3BIAICH CHIAYE, 110 BEKTOpP, SIKUH CTOITh B KPYIJIMX AYXKax, € TpajieHTOM

nesikoi ckanspHoi pyHkuii ¢ (rot grad ¢ = 0).
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Biznosizmo, E = — 2—':- grad . (9.45a)
[linctaBnsroun Bupasu (9.44) 1 (9.45a) B mepuie Ta TpeTe pPIBHSHHS
Makcgemna (9.18) Ta BAKOPUCTOBYIOUH BilOMYy BEKTOPHY TOTOXHICTh 10t 7ot d =
grad divd — Ad, orpumyeMo (3 ypaxXyBaHHSIM i 00JIaCTeMH, 10 3aiHATI JKEpEIaMu

CJIIEKTPOPYIIIHHOT CHITH )

- a%A oA e d S

A— EU— — MY - — grad (dw A+ e,ua—f + ,u]/<p) = —UJer (9.46)
% dop _ _p

Ap — eu—>— Wy =~ (9.47)

—

BpaxoByroum, 1110 BEKTOPHHUI TMOTEHIial A BHU3HAYAETHCS 3 TOYHICTIO JIO
TpajileHTy JAesKol cKalapHoi (yHKil (rot A= rot(K + grad ¢)), noTeHIiaan
Ai ( 3aBXJIM MOKHA BUOpATH TAKUM YMHOM, III0O BUKOHYBAJIACsl YMOBA:

div A + e,ui—(f + uye = 0. (9.48)

Ile 1 € xamiOpyBayibHe criBBigHOIICHHS (HOpMyBaHHs) Jlopenna [4]. Tlpu

TaKoMy HOpMYBaHH1 piBHSIHHS (9.46), (9.47) 3BOAATHCS 10 JBOX OKPEMHUX PIBHSHB

JIPYroro NOpsAKy BIIHOCHO BEKTOPHOI'O Ta CKaJISPHOTO MOTEHLIAIIB:

- 92K oA R
AA — ep—= — 1y 52 = —Wer 9 49

2
Ap — eu—3 — .Ul/a—(fz -

&

-

Takum ymHOM, HampyxkeHocTi noist E 1 H MoxyTh OyTU 3HailieHi, SKIIO
MOTIEPETHHO BU3HAUCHI €JIEKTPOIMHAMIUHI TOTEHITIAIH A i (0 K pO3B’SI3KU PIBHSIHb

(9.49). BiamnosigHO, 10 HAIMPY>KEHICTh E srigno (9.45) cknagaeTbcs 3 JBOX

KOMIIOHEHT a00 CKJIa[0BUX:

E = E BUXP + E IIOTEeH?

QD

- K -
ne E BUXD — _t’ ak noTeH — grad .

E puxp BU3HAYAE BUXPOBI CTPYMH, sIKi iHAYKYIOTbCS B MPOBIIHOMY

-

cepenoBullll, a E ey BU3HAUAIOTH TAJIbBaHIYHI CTPYMH, IO BHUHHUKAIOTH 3a

paxyHOK €JEKTPUYHUX 3aps/IiB.
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9.10 Bekrop I'epua

Po3B‘s30k HEOMHOPITHUX XBWJIBOBUX PIBHAHB (9.49) mpu BIANOBIAHUX
I'PAaHUYHUX 1 TOYATKOBUX YMOBax € (PyHJIaMEHTaJILHOIO MPOOJIEMOI0 reo(di3udyHUX
3aCTOCyBaHb eJeKTpoMar"iTHoi Tteopii. Ilpore, nmesaxi KOHKpEeTHI 3amadi
TCOCNIEKTPUKN MOXYTh OyTH PO3B‘si3aHiI OLIBII MPOCTO 3a JTOMOMOTOIO OJHOTO
noTeHiiany (Bexkropy I'epma), 3a JOMOMOrow SKOTO MOXYTh OyTH BH3HAuyeHI 1
CJICKTPUYHA, 1 MarHITHA KOMIIOHEHTH €JIEKTPOMArHiTHOTO TTOJIS.

[IpunycTumo, 110 CKaIsIpHUM MOTEHITIAT ¢ MOXKe OyTH IIPEICTaBICHUI Yepe3

JIESIKY BEKTOP-(QYHKIIIIO Z CIiBBiHOLIECHHAM:
o =divZ. (9.50)
[TigcTaBuBIIM 11 CMIBBIAHOIICHHS JJIs (0 B KaliOpyBajabHE CITiBBITHOIICHHS
Jlopennia (9.48), ocTaHHe MOXKHa niepenucaTd B (GopMi piBHOCTI:
div (K+uyZ_)+ euZ—f) =0,

o . — - 0 7 .
Horo tpuBiaasHUM po3B si3KoM Oyne A + uyZ + €u a—f = 0, 3B1AKH

—= > 0z
A=—uyZ — . (9.51)

. . . . . -
HII[CTaBI/IBH_II/I OCTAaHHIO PIBHICTH B PIBHAHHSA JIA BCKTOP-IIOTCHI1ATY A3

(9.49), B IKOMy /151 CIIPOILEHHS BUKJIALOK IPUAMEMO, 10 Jop = 0, 3HAXOAMMO:

> 0 —_ 0z 0%Z d 0z 0%Z
—HyAZ — e 2=y |~ 50— ew| + eusy | —ur 5 —enZz|

[Ticns rpynyBaHHS CKJIAOBUX OCTAaHHBOTO PIBHSHHA Y GhopMi
02 aZZ+ 0 (57 _ 0% 92\ _
v e~ Haz) ™ “a e~ Haz) =
I, BBOASIUM TTO3HAYCHHS,

927

Y 9Z
U=AZ— MYE_ & F' (952)

otpumyemo yU + SZ—Z = 0.

Po3B‘s30k 11bOTO AMQEpEeHIIaIbHOTO PIBHSAHHA, SK JIETKO BIEBHUTHUCS

MpAMORO HiI[CTaHOBKOIO, Ma€ BUIJIAO.
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U=U(0)eV/e = y(0)et/7,

&€
aAc T :;, U0 =0l ¢=o-
Taxum yMHOM, JUIs1 yCTaJI€HOr 0 NMPOLIECY B MPOBIAHOMY CEpeOBHUILI (IIpH t —
©0) MaeMo TelnerpadHe piBHSHHS TOTO K CAMOTO THITY JJIsl BEKTOPY-(OYHKIII Z, 1110

W 1JI BEKTOP-TIOTSHITIATY A
(9.53)

0Z c 622_0
HY 5t Rz =V

3aJMIIa€ThCS JIUIIC BU3HAUYNTH 3HAYCHHS Hapr}KCHOCTCﬁ CIICKTPUYHOI'O Ta

MarHiTHOro noJiB (E 1 H) uepe3 BekTop-(yHKIIIO Z.

3 11€I0 METOI CKOPUCTAEMOCS BIJOMUMHU HAM CITi1BBITHOIIICHHSIMM:

H= % rot K, (D)

E = _oA grad @. (1)
ot

A= —uyf — s,ug—f (I1T)

o=divZ (1V)

[TincraBnsroun piBagHHS (111) B piBHsHHES (1), 3HaX01UMO:
H= i(—uy rot Z — su%rot f) = —(e% + y)rot Z (9.54)
Hami, mincrasistoun piBHstHHS (111) 1 (IV) B piBHsinug (1), oTpumyemo:
= 0Z 0%Z
E = py -+ ep—s (9.55)
BianoBinHo, y BUNAAKY yCTaJIEHOTO MPOIECY B MPOBIAHOMY CEpPEIOBUIII

— grad div Z=0AZ - grad div Z =rotrotZ .

HaIpPY>KEHOCTI €JIeKTPUYHOIO 1 MarHiTHOrO MOJIiB MOXYTh OyTH BH3HA4YeHI 4yepes

. g
BekTOp-hyHKIi0 Z (BekTop ['epiia) BUKOPUCTOBYETHCA IJISi OMUCY XBHJIHOBHX

IPOLECiB, KOJIM MaTh MiCIle CTPYMH 3MiIIEHHs. Y BHMAJAKYy KBa3iCTAI[lOHapHOTO

HaOJMKEHHSA 3T11HO 3 PiBHSAHHSM (9.51):

—

Az—uyf.
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9.11 I'paHu4Hi YMOBH VISl €JIEKTPOAUHAMIYHMX NOTEHIIATIB

SIx Oyno B)e BCTAHOBJIEHO, YMOBHU Y3TOJKCHHSI Ha TUIOCKIM MeEXi PO3ILTy
CEpENIOBHINl  BUPAKAIOTH  HETMEPEPBHICTh  TAaHTCHINAJBHUX  CKIAJIOBUX
HAIPYKEHOCTEH eJeKTPUYHOr0 1 MarHiTHOTO MOJIB MpPH TEepexol uyepe3 Hei, a
TaKOX HEMEPEPBHICTh HOPMAJILHO1 CKJIAJIOBOT MarHITHOI 1HIYKITi1 En 1 HOpMAJTBHOT
KOMIIOHEHTH ILIiJILHOCTI TOBHOIO CTPYMY J7 noss- LI CIIBBiZHOImIEHHS 1 €

BUXIJIHUMU TIpY 3aBJaHHI IPaHUYHUX YMOB JUJIsl MOTEHMialiB. Tak SK 3TiAHO 3

ymoBamu (9.44) ta (9.45):

TO, OEpyuH J0 yBaru BiloMy PiBHICTb
- 04, 04, 0A, 04, 0A, 04\~
S LM PR P T
ro oy 0z ) "\ %z ") T\ ax "oy

3HAXOJHUMO 3 ypaxXyBaHHsAM I'PaHUYHHUX YMOB JIJII KOMIIOHCHT MarHiTHOFO I10JI4A, 110
1 (84, 0Ay\ _1 (94, 04Ay\
pt_l(ay _E)l_u_z(ay _E)Z ’
1 (08 ot) 1 (ah_on)
Ui \ 0z 0y /q wux \ 0z ax /o

BiamoBinHO 3 ypaxyBaHHSM TpPaHUYHUX YMOB ISl TaHTEHINAIbHUX

KOMITIOHCHT CJICKTPHUYHOI'O ITOJIA:

0Ax1 N (oJ o2} _ 0Ax N 0, : aAy1 + 0, _ aAyz + 0, .
Jt 0x Jt 0x Jt ady dt dy

IIpencrapiieHi piBHOCTI AJIsI KOMIIOHEHT MarHiTHOT'O Ta €JICKTPHYHOTO IOJIIB

OylyTh BUKOHaHI, SIKIO MOKJIACTH:
— . — L] 1 — 1 L] — L]
Ax1=Ayy; Ay = Ay — Ay = —Ay; P01 = P2;
M1 U2
1 0Ax1_ 1 0Ay; 1 0Ay;_ 1 0Ay;
My 0z pp 0z’ w1 0z pp 0z

Y ToMy BUMaAKy, SKIIO cepeloBHINa He AudepeHIliioBaHi 3a MarHiTHOIO

MIPOHUKHICTIO, 111 PIBHOCTI CIIPOITYIOTHCS 1 TPUIMAIOTh HACTYTHUHN BU/I;

- . 0Ayx1 _ 0Ay;
Axl_AxZI oz - az_'
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Ay = Ayy; P1 = P2;

0A 0A
_ . y1 _ 0Ay;
AZl o Az2; dz 0z

Taxkum 4rHOM, Ha MEX1 PO3JLTY JBOX HEMAarHiTHUX CEPEIOBHII HEMIEPEPBHI
BCl TP KOMIIOHEHTH BEKTOpY-MOTeHIiany A, TOOTO [A] = (0. HemepepsHi Takox

BEPTHKAJIbHI MMOX1/IHI TAHT€HI[1aJIbHOI KOMIIOHEHTH BEKTOPY-TIOTEHIIIaTy

A ([aaif] = 0) i ckanmspuuii norermian @ ([¢] = 0).

9.12 I'apmoHiiiHi KOJTUBAHHS TA PIBHSAHHS €JIEKTPOAUHAMIKH B KOMILIEKCHIl
popmi

B enextponuHamiill BakJIMBE 3HAUYEHHSI MalOTh €JIEKTPOMArHITHI MPOIIECH,
110 3MIHIOIOTBCS B Yaci 32 TAPMOHIMHUM 3aKOHOM 3 KPYTOBOIO 4acTOTO w [2-4].
["apMOHiiiHI €NeKTPOMAarHiTHI TOJisI — II€ TMOJs, YaCOBUM 3aKOH 3MIHU SIKHX
B1JIOYBAETHCS 32 3aKOHAMHU CUHYCY a00 KocuHycy. BoueBu b, MUTaHHS HE TUIBKU B
TOMY, IO TApPMOHIYHI KOJHMBAHHS TMPEACTABISIIOTH MEPIIOYEPrOBUN MPAKTHIHUN
1HTEpEC, aJie 1 B TOMY, 110 1HIIIOTO POy YaCOBI 3aJIKHOCTI MOXKYTh OyTH PO3KIIaeH1
3a TAPMOHIYHUMHM KOJIMBAHHSIMH Yy BUTIISII psiaiB abo iHTerpany dyp‘e. [arerpan
®Dyp‘e € cyneprno3uIier0 HECKIHYEHHOTO YMCIIa TAPMOHIYHUX XBUJIb, 1110 CKJIAIal0Th

B [TOYATKOBUN MOMEHT Yacy BUX1AHY 4acoBy (yHkIIito f(t):

fw) = ] f(Oe“tde.

VY BumaaKky oaHi€1 TapMOHIKHU:

A(t) = AO{ }(wt + ), (9.56)

ne A(t) — MUTT€EBe 3HAUYEHHS KOMIIOHEHTH II0JIS, IO PO3TJISIAETHCS;

sin

cos

A, — aMIUTITYTHE 3HAYCHHS;

w = 2T / _ . .
= 7 — WHMKIIYHA (KPyroBa) 4acToTa;

T — mepiox;

@ — nmoyaTkoBa ¢asa.
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JJiss MaTeMaTHYHOTO OTIHCY €JIEKTPOMAarHiTHUX KOJIMBaHb, 1110 3MIHIOIOTHCS B
qaci 3a TapMOHIHUM 3aKOHOM (9.56) 3 KpyroBOIO YaCTOTOIO (W BUKOPHCTOBYETHCS
METO/]T KOMIUIEKCHUX aMILTITY]I.

CyTh IILOI'O METOJIY IOJIATAE B TOMY, IO JAesKid ¢izuuniii BenmmunHi A(t) ,
0 3MIHIOETHCS 32 TAPMOHIYHUM 3aKOHOM 3 IUKJIIYHOIO YaCTOTOK ), SKa Ma€
noyaTkoBy (asy ¢ Tta ammuiityay A (9.56), craBuTbCA y BiAMOBIAHICTH JesiKa
KOMIUIEKCHA BEITMYMHA, sIKa Ha3UBAETHCSI KOMIUICKCHOIO aMILTiTy010. [IpH 1ipomy
KoMITJIEKCHA (popma 3ammcy 6a3yerhest Ha popmyi Eiinepa:
tiX = cosx + isin x, ne i = V/—1 — ysiBHA oauHUI, 260

et (@t+9) = cos(wt + @) + isin (wt + @) (9.57)

e

VY BIANOBIIHOCTI 3 LI€H0 PIBHICTIO TApMOHIYHE KoHuBaHH:A (9.56) Moxke OyTH
IPEJICTaBICHO Y (hopMi:

A(t) = Ap[cos(wt + @) * isin (wt + @)] = Ayeti@t+e) (9.58)
To6To sikmo  A(t) = A sin (wt + @), 10 A(t) = + Im [Aet(@t+9)], 0.59
akmo  A(t) = Ay cos (wt + @), To  A(t) = + Re [Aget @t+9)], (9:59)

Takum ynHOM, OyJib-IKE€ TapMOHIYHE KOJMBAaHHS MOKe OyTH MPEeACTaBICHO
K JIICHA Ta ysIBHA YaCTUHU KOMILIEKCHOT'O KOJIMBAHHS.

B cBow uepry, koMIuiekcHe KoiauBaHHA (9.58) 3pyyHO MNpeACcTaBUTH Y
BUTJISIL:

A(t) — Aoeii(wH(p) — (Aoeiiq))eiiwt — Aeiiwt' (9.60)
ne A=Aye*'? — xoMmmnexcHa ammiTya, mpudomy A, = |A|, ¢ = targA.

OuyeBugno, mo npu @ =0 A=A, Sxmo 3a TaQpMOHIYHUM 3aKOHOM
3MIHIOEThCSI BEKTOpPHAa BEIMYMHA, TO KOMIUIEKCHA aMIUTITyJa BBOJUTHCS
aHAJIOT1YHO, 1 Oy/Ie TIPH IIbOMY TE€X BEKTOPHOIO.

[ToTpiOHO BiA3HAYUUTH, IO B EJIEKTPOTEXHIIl 3aJEKHICTH BIJI 4Yacy
BUPAKACTLCSA EKCIIOHEHI[IaTbHAM MHOKHHKOM e'“! [4]. B enekTpoMarHiTHHX
3a/layax 4aCOBUY 3aKOH 3BUYANHO 3a7a€THCS Y BH/II: g lot,

Posrnsnemo, sikuii Bua OynyTh HaOyBaTu piBHSHHS MakcBeiia, SIKIIO

BEKTOPH I10JIS1 3MIHIOKOTBCS 3@ TADMOHIYHUM 3aKOHOM e~ ““t,
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E(t) = Ee~iot H(t) = He™iwt (9.61)
D(t) = De~iwt B(t) = Be~iwt '

- —

. - =
[Tepexosiun 10 KOMIUIEKCHUX BeKTOpHUX amiunitya E, H, D, B, 3Haxoaumo:

rot ﬁ; =7]— iwD, rot E_): wB, 9.62)
divB =0, div wD = p.

Taxum unHOM, piBHIHHS (9.62) BITHOCHO KOMIUIEKCHUX BEKTOPHUX aMILIITYT

CIAYIOTh 3 PIBHSAHb MakcBesa 3aMiHOI0 BEKTOPIB IMOJs IXHIM KOMIUIEKCHUMH

. . . 0
BCKTOPHHUMH aMILIITYAaMHU 1 OIICpaTOopa I[I/I(bepeHI_IIIOBaHH}I 3a 4aCOM a OIICpaTOpOM

MHOXEHHSIM Ha kw.

VY BUNagKy OJHOPIAHOTO 130TPOIMHOrO MPOBIIHOTO CEPENOBHUILA

(D = ¢E,B = uH, ] = yE)

piBHsIHHS (9.62) HaOyBarOTh BUTJISI:

- - -

rot H = (y — kwe)E = —kwe'E =y'E,  rotE = ko uH;
divH = 0; divE = g (9.63)
ne Y =y — kwe — KOMIUIGKCHA NPOBIAHICTH, ifiCHA YacTMHA OOYMOBJICHA
crpymamu niposinaocti YE, a ysiBHa — crpymamu smimennst kwe'E; €' (1 + iﬁ) -

KOMILJIEKCHA JIIEJIEKTPUYHA POHUKHICTbD.

y _|J
Beanunna — =|—%

> Ha3UBAETHCS CIICKTPOIMHAMIYHUM KOe(]IIliEHTOM CepeTOBHINA

J3m

pu 3a7aHii 4acToTi (a00 TaHTEHC KyTa eNEeKTPUYHUX BTpaT tga = L)
weé

Binznaunmo, 110 3acToCyBaHHS METOAA KOMIUIEKCHUX aMIUTITYJ HE TIIbKU
NPUBOAUTH 1O BUIYUYEHHS YacoOBOi 3aJIeXHOCTI 3 pIBHAHb MakcBesuia, aine i
JI03BOJISIE ICTOTHO PO3MIUPHUTH (P13UUHUN 3MICT JACSIKAX TTOHSTh.

Hacamnepes 1ie moB’si3aHO 3 MOXKIJIUBICTIO YUCTO (DOPMAIBHOTO, Ha MEPIIHA
NOTJIS, PO3IJISIAaTA 3HAYEHHS BCIX MAapaMeTpiB PIBHSIHB BXKE HE B MeXKax JIACHOT
0Cl, a Ha KOMIUTEKCHi# TutonuHi. [le 0co6imMBO akTyanbHO I MPOHUKHOCTEH € i U
Ta Ma€ BaXJIMBE 3HAYEHHS ISl IEAKUX 3a/1a4 PO3BITYyBaIbHOI re0(13UKH.

PosrnsnemMo Takox AuQepeHiiaabHl PIBHAHHS IPYroro MOPSAKY BiTHOCHO

. o — . — X
KOMIUIEKCHHX  aMIUNTYJ HampyxeHocted mnons H 1 E Tta BuHpasis
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eJeKTpoAuHaMIUYHUX noTeHmianiB. [lepexoasun B Tenerpaduux piBHIHHAX (9.28)

Ta (9.30) 10 KOMIUIEKCHUX aMILTITY/T HiE, OTPUMYEMO:

AE — k?E =0, AH—k?H =0, (9.64)
ae k?- wy'u = —w?ue'.
KomiekcHa Bennuuna k = / —iwy'u = ky — ik, (9.65)

HA3UBAETHCS XGUTbOGUM YUUCA0OM, A00 TIOCTIHHOIO PO3TOBCIOKYBAaHHS, Ta BIITpae
BOXJIMBY POJIb MPU TOCTIIKEHHI €JEeKTPOMArHiTHUX IPOIECIB B MaTeplaJbHUX
CepeIOBUILAX.

HaBenemo nudepeHmiaiibHe piBHSAHHA JAPYroro MOPSIKY  BIJHOCHO
KOMIUIEKCHOI aMILTITy 11 A BEKTOPHOTrO MoTeHuiany. 3rigHo 3 Gopmymnoro (9.49)

Ma€EMoO.

M = k24 = — HjCTOp. (9.66)

-

KoMIUTeKCHI aMILTITY U TOJISI BUPaKAIOThCS depe3 KOMIUICKCHY aMmIutiTynay A 3a
dbopmynamu:
H= %rot/f . E=iwA- ik—(;’grad div 4, (9.67)
B AKHX BPaxoBaHO, 1110 3a YMOBH (9.48)
div A = U=y +iwe)p = ivcup, a

r— AR — L g2
e =¢(1 +|w£), 3BIIKA @ e div A

9.11. XBWJIBOBE YHCJIO0

Posrnsmaroun  piBHSHHS MakcBeisia B KOMIUIEKCHIM — (opmi, Oyio
BCTAHOBJIICHO, 110 KOMIIOHEHTH 1011 (9.64) i BekTOpHMit moTeHIian (Joyop, — (9.66))
3aJI0BUTLHATH PIBHSHHIO [ '€bMroJibLa.

[Ipu 11bOMY BIUIMB CEpEIOBUINA HA CTPYKTYPY E€ICKTPOMATHITHOTO TTOJIS

OIUCYETHCS KBAIPATOM XBHIIbOBOTO urcia K — mocTiitHoi po3noiny (9.65):

k? = —iwy'yn = —w?ue(1 +i£) (9.68)
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Sxmo nposigHicTs cepenosummay = 0, To k? € ailicHuM 4ncioMm, i Mae micle
XBUIbOBHIA rporec. SIkmo k2 — ysBHa BenuunHa, To Mae Miclie qudys3iiauii npouec.
IIpy KOMIUIEKCHIH BenuuMHi k2 piBHAHHSA ONUCYIOTh HAKJIAJAHHS XBHJIHOBOIO i
nuGy31HHOTO MPOLIECIB.

Ipunyckatoun, mo k = b — ia, k? = b? — a? — i2ab, 1o, Gepyuu 10 yBaru
piBHsHHS (9.68), Maemo:

Re k? = b? — a? = —w?pus, Imk? =2ab =—-wy'n (9.69)

3 OCTaHHBOTO pIBHSHHS CIIAye, MO0 3HAKU y a 1 b — pizHl. B cuny

HEOMHO3HAYHOCTI pamukany y dopmyni k =/ —iwy'u = k; — ik, 3BuuaiiHO
o0uparoTh Ty WOTO TIIKY, sSKa BIJMOBIIAE BiJl’€MHIA YSBHIN YaCTHHI XBUIHLOBOTO
gucna k.

Po3B’sa3ytoum cuctemy piBHsHB (9.69), oTpuMyeMo:

b= ‘“”[/( )2+1—1]a a=— ‘““[/ )2+1+1] (9.70)

Ha koMIuIeKcHil miomuHi k% MoKHA NpeICTaBUTH y BUJI BEKTOPY, MOIYJIb SKOTO

3MIIIEHUH BITHOCHO YSIBHOT OC1 Ha KYT '

|k? | = /(Rek? )2 + (Im k2 )2

tgs ="K _ ¥ (9.71)

Rek? wEe

Benuunna tg § HazuBaeThCs manzeHcom Kyma empam. BoueBunp,
HaWMEHIIl BTPAaTH €JEKTPOMArHITHOI €Heprii BiI0OyBalOThCS B MOPOJAX 3 MaJIOIO
MATOMOIO TIPOBIJHICTIO ¥, KOJIM CTPYMHU 3MIIICHHS MEPEeBaXalOTh HAJ CTpPyMaMu

nposigHocTi. [Ipu y = 0 kBajgpaT XBUIbOBOI'O YUCIA € AIHCHOIO BETUYHHOIO:

1
k? = —w?ue,b = 0,a = —w(ep)2.
B peampHMX cepemoBuIIax 1 Jgiama3oHi YacTOT, IO THIIOBI s

re0eNeKTPUKH, NIEPEBAXKHY POJIb BIAITPAIOTh TOKU MPOBIAHOCTI. B 11bOMy BUIaaKy

k? ~ —iwy'u; k =/—iwy'u=+v—i/iny'u (9.72)
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[Io6 B3sTH KOPiHB 3 (-1) IPEACTABUMO I}0 BEJIMYMHY B €KCIIOHEHITIAIbHIN

dbopwmi, ckopucTaBmmchk popmysior Einepa:

, T .TT T T 1—1
V—i = =7 = — —iSsin—= X
l e e COS4 lSlTl4 \/i

Taxkum ynHOM, k = \/—iwy U = ’WT“(l —10).

TOI[i a=>b= T#

Bu3HaunMo po3MipHICTh XBUIIBOBOTO Yrcia K, BpaXoBYHOUH, IO

2 .
w = - (me T — mepiox B ceKyH1ax);

vl w2

)
OM M M

TaxkuM 4MHOM, PO3MIPHICTh XBUILOBOTO uncna K M2,

9.12 MixkHApPOIHA CHCTEMA eJIeKTPOMATHITHMX OAMHHUIb

MixHapo/iHa cucTeMa eJIEKTPOMArHiTHUX OJUHUIh npuiiHaTa B 1963 pori.
Toni Oynu MPUIHSATI TaKi OAUMHUIN JJI €IEKTPOMArHiTHUX BUMIPIOBaHb:

1.1 =1M — IOBXUHH,

2.t =1 c—muacy;

3. m = 1 Kr — Macu;

4.1 =1 A — cunu cTpymy.

Bci 1HI1I11 BETMYHUHM € TOX1THUMHU BiJ] O3HAYEHUX YOTHUPHOX.

3a onunwmiio 3apsiay B cuctemi Cl mpuiinaro Kymon. Onun Kynon — 1e
3aps, 10 MPOXOIUTH 3a 1 CeKyHIy uepe3 MonepeyHuil nepepis NpoBiAHUKA, CTPYM
SKOTO JTOpiBHIOE 1A.

JieJleKTpUYHA Ta MATHITHA NPOHUKHOCTI:

¢ _10-9[q>]_
07 367 Lml’

Yo = 4m- 1077 [%H .
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3a oquHUIIIO MOTeHiaJiB B 1B npuiimaeThcs Taka pi3HULS MOTEHINATIB, 32

K01 TIepeMilieHHro 3apsay B 1K HeoOxigHa podora B 1 JIk.

Fefl wem (2]

Omip, ripu sikoMy npu cTpyMmi B 1 A pi3HUIISA NOTEHIIANIIB HA TOYKAX BUMIPY

cxianae 1B.

R = [Om]; 10m=[§.

IIpoBiaHicTh — BenmnuuHa, mo odepHeHa 10 onopy (CimMeHc).

== [

ITuToMuii eJIeKTPUYHUI OIIP

_[OM
T LM

. B
Hanpy:keHicTb eJIeKTPUYHOTO NoJA £ = [—]
M
3a OIMHHUIIIO HAMPY>KEHOCTI MarHiTHOTO TOJI IPUMMAETHCS HANPYKEHICTh

. . . . . _7 |[Tu
TaKOIr0 MATHITHOTO I10JIs, iHAYKIis SKOro y BakyyMi gopisHioe 47 - 1077 [—]
M
. . A
Hanpyxenicts maraitHoro nosist H = |—|.
M

. Kn
[HayKuia enexkTpuaHoro noyst D = [—2]
M

Omc

[HyKIlisE MArHITHOTO OJIs B = [E—S] = [F] = [Tx].

HIinbHICTD CTPYMY j = [%]

ITotik BekTOpy MarHiTHOI iHAykuii ® = [B6] = [T m?].
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